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Power & virtual power

“Cohesive”

“Brittle”

“Strain work”

“Differentiation”

“Energy release rate”

“Crack growth criterion”

“Plastic work”

with cracks
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Initiation & propagation pragmatic technique

Finds best 
edge and 

releases the 
nodes

Finds best 
edge and 

releases the 
node
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Cohesive discretization & forces (applicable to shells)

Cohesive 
stress

Damage internal 
variable

Initial shift

Regularization parameter

Complementarity conditions

with the Loading function

However: bending requires set-valued 
traction separation laws
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Cohesive discretization by a node-to-node 
element
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Figure 13: Displacement/Load results for the two specimens.

JR = 1 N/mm (end cohesive tail)
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JR = 10 N/mm (end cohesive tail)
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2

Figure 14: Specimen #1: cohesive tails for JR = 1 N/mm and JR = 10 N/mm. Similar tails are obtained for
specimen #2.
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Configurational forces and moments for the direction

• Full and localized rezoning and remeshing approaches [16, 21, 5, 10], numerous local displacement [36, 35,
28, 32] (or strain [38, 2]) enrichments, clique overlaps [27], edges repositioning or edge-based fracture with
R-adaptivity [34];

• Element erosion [43], smeared band procedures [37], viscous-regularized techniques [25], gradient and
non-local continua [41];

• Phase-field models based on decoupled optimization (equilibrium/crack evolution) with sensitivity analysis
[18].

For finite strain simulations, each one has particular advantages and shortcomings, most well documented.
However, numerical experimentation is the key for obtaining sound conclusions. Specifically, the extended finite
element method (XFEM) by Belytschko and co-workers [15, 36, 11] was used previously but still poses challenges
for large amplitude displacements (this is particularly important for quasi-adiabatic shear bands). Densification
of the Jacobian matrix occurs due to pile-up of degrees-of-freedom for nodes contributing to multiple cracks.
If nc cracks are present in elements in the support of a given node, this has (1 + nc)nSD degrees of freedom
where nSD is the number of original degrees-of-freedom per node; this produces a fill-in in the sparse Jacobian
contrasting with remeshing that retains sparsity along the analysis. The adaptation of classical contact and
cohesive techniques to deal with enriched elements is of debatable scientific value. It is worth noting that large
amplitude displacements are managed (see, e.g. [31]) by XFEM if neither contact nor cohesive forces are present.

Di�culties in XFEM are often mitigated at the cost of intricate coding. As a consequence of these di�culties,
typically idealized examples are displayed. Features are then added, such as crack face friction, coupled heat
transfer, etc. From the enumerated options, it is often pointed out that local remeshing techniques lead to
ill-formed elements (in particular blade and dagger-shaped triangles) which compromise the solution accuracy.
These ill-formed elements motivate, besides other aspects, the use of full remeshing. Recently, we proposed a
new methodology to attenuate this (cf. [5]). In the present work, we further simplify the solution by moving
edges so that they align with the predicted crack path.

The work is organized as follows: Section 2 presents the principle of virtual power for cracked bodies with
cohesive regions, Section 3 shows the virtual crack closure technique for determination of energy release rate, the
cohesive discretization and both the initiation and propagation algorithms. Section 4 presents seven examples of
fracture where comparisons with experimental results and alternative techniques are made. Finally, Section 5
shows the conclusions

2 Material forces

Material form of equilibtium
The Eshelby stress tensor is given as (interpreted as the configurational Cauchy stress tensor)

⌃ =  I � F

TJ�F�T (1)

which is called the stress relation (cf. Gurtin ).
The configurational form of equilibrium is given by:
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Weak form

Discretized form
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edges so that they align with the predicted crack path.

The work is organized as follows: Section 2 presents the principle of virtual power for cracked bodies with
cohesive regions, Section 3 shows the virtual crack closure technique for determination of energy release rate, the
cohesive discretization and both the initiation and propagation algorithms. Section 4 presents seven examples of
fracture where comparisons with experimental results and alternative techniques are made. Finally, Section 5
shows the conclusions
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Analysis/Initiation/Propagation algorithm

Performs propagation

Initiation flag?
Propagation flag?

Performs initiation

Elastic unloadingPropagation flag?

Elastic unloading

Time increment policy

Shifts parameter
Yes

No

MPC-based Newton-Raphson

until convergence

Initiation flag?

Start

Yes

Yes

Key points to retain:

Unloading necessary for “hard” 
elasto-plastic problems

Careful step size adjustment

MPC discussed in FEAD paper

Trial-tested routines
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Element technology
Triangle based on polar-decomposition

Quadrilateral based on Petrov-Galerkin  
approach (Areias CM, CMES)
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2D benchmark exercises
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(a) Relevant data for Bittencourt’s drilled plate.

(b) Specimen #1 deformed mesh (triangles and quadrilaterals) with local refinement. Coarse

triangular mesh contains 9126 nodes and 17812 elements and the coarse quadrilateral mesh

contains 9062 nodes and 8841 elements. The uniform triangular mesh is also shown (51299

nodes and 101541 elements).

Figure 10: Bittencourt’s drilled plate: geometry, boundary conditions and material properties. Geometry
parameters a and b vary according to the specimen. Results shown for specimen #1.
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1) Bittencourt,  Ingraffea, Wawrzynek and Sousa EFM 1996 

Figure 11: Bittencourt’s drilled plate. Results shown for specimen #2. Triangular mesh contains 16082 elements
and 8248 nodes. The quadrilateral mesh contains 12565 elements and 12850 nodes.
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Figure 12: CMOD/Load results for the two specimens.
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Load / CMOD Load / Displacement
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Figure 13: Displacement/Load results for the two specimens.
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Figure 14: Specimen #1: cohesive tails for JR = 1 N/mm and JR = 10 N/mm. Similar tails are obtained for
specimen #2.

16

Jr=30 N/mm2

20

40

60

80

100

120

140

160

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

L
oa
d
[N

]

Vertical displacement [mm]

Jr=1 N/mm2
Jr=5 N/mm2
Jr=10 N/mm2

0

(a) Specimen #1

Jr=30 N/mm2

50

100

150

200

250

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

L
oa
d
[N

]

Vertical displacement [mm]

Jr=1 N/mm2
Jr=5 N/mm2
Jr=10 N/mm2

0

(b) Specimen #2

Figure 13: Displacement/Load results for the two specimens.

JR = 1 N/mm (end cohesive tail)

70 N/mm

2

JR = 10 N/mm (end cohesive tail)

70 N/mm

2

Figure 14: Specimen #1: cohesive tails for JR = 1 N/mm and JR = 10 N/mm. Similar tails are obtained for
specimen #2.

16

Cohesive tails

Movie specimens #1 and #2

Thursday, September 13, 12



h = 100 mm

c/b = 0.8

A

�uB = �uA

0.1666F

b
2
{5
0
,2
0
0
}
m
m

CMSD

Specimen #1: b=200 mm

Specimen #2: b=50 mm

control

0.8333F

E = 27000 N/mm

2

⌫ = 0.18

ft = 2 N/mm

2

JR = 0.1 N/mm

B

c
l = 4b

a = 0.2b

Figure 21: Four-point bending of a concrete beam: geometry, boundary conditions, multipoint constraints
(�uB = �uA) and material properties. Also shown is the final deformed mesh 50⇥ magnified with the attached
cohesive stress vectors.
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Figure 22: Four-point bending of a concrete beam: crack paths compared with the envelope of experimental
results by Bocca, Carpintieri and Valente [17].
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3)Four point bending test (Bocca, Carpintieri and Valente IJSS 1991)
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where the inequalities hold:

�i  0 i = 1, 2 (40)

with �i = �

eqi
� �y. �y is the yield stress, given by the hardening law. In (38) and (39) the following notation is

used:
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with �yc being the e↵ective compressive Cauchy stress for f = 1, �yt is the tension Cauchy stress for f = 1 and
"

1

is the maximum principal Almansi strain with "

max

being a constitutive property. Further details are given in
previous works [6] and [12].

Five values of the angle � are employed in the test: ⇡/12, ⇡/6, ⇡/4, ⇡/3 and ⇡/2. Figure 25 shows a
comparison with the experimental results of Sutton et al [42]. Reasonable agreement can be observed for all
angles. In terms of reactions, Figure 26 shows the results for the studied angles. Higher values than those
reported in [42] were obtained. However, further details on strain softening behavior were not given in that
reference.

4.7 Pressure vessel fracture with slot

This problem was studied by R. Kitching and K. Zarrabi [29] with the main objective of evaluating the limit
pressure of a cylindrical pressure vessel including the weakening e↵ect of a thin rectangular slot at mid-height.
The vessel is made of BS 1476 HT30WP Aluminum alloy. For this problem, both elasto-plastic and fracture
properties are unambiguously defined in that reference. Specifically, in [29] the Authors assessed 12 specimens
with distinct dimensions so that a systematic result could be obtained. We here concentrate on their specimen

17

4) Schlangen Ph.D. 1993

(a) 2939 nodes and 5616 elements (100⇥ magnified). Normal cohesive stress is

represented.

(b) 5185 nodes and 10014 elements (100⇥ magnified). Normal cohesive stress is

represented.

(c) 11514 nodes and 22498 elements (100⇥ magnified). Normal cohesive stress is

represented.

DSDA

Experimental envelope (Schlangen 1993)

Present model

(d) Crack path comparison

Figure 16: Schlangen’s SEN test: Deformed meshes for the 3 cases are shown, with 5616, 10014 and 22498
elements. Crack path (10014 elements) compared with DSDA [22] (yellow) and the experimental results by
Schlangen [40].
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(a) 2939 nodes and 5616 elements (100⇥ magnified). Normal cohesive stress is

represented.

(c)11514nodesand22498elements(100⇥magnified).Normalcohesivestressisrepresented.DSDAPresentmodel5616,1001422498100142218
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Figure 17: Schlangen’s SEN test: load-CMSD results: comparison with the experimental results by Schlangen
[40] and the DSDA technique [22].
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5) Gravity dam (Barpi and Valente ASCE JEM 2000)
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7)Arcan test (Sutton et al. IJSS 2000)
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Movie fracture
8)Pressure vessel (Kitching and Zarrabi IJPVP 1982)
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Figure 27: Pressure vessel with slot, corresponding to specimen #12 of Kitching and Zarrabi (cf. [29]).

#12 for comparison purposes. The corresponding data is shown in Figure 27. Units are, in the original paper,
in the British Imperial System but for uniformity we indicate them as “consistent”. Our recent corotational
shell element is adopted [7] with multiplicative plasticity (cf. [6]). In the lack of a better information, we use J

2

plasticity without damage. Initiation criterion is the critical e↵ective plastic strain using a fitting of the results
in the original reference ("

max

= 0.21) and advance criterion is obtained from the subsequent JR value and the
VCCT. A mesh containing 2965 nodes and 5873 corotational elements (cf. [7]) is used (see the final configuration
in Figure 28).
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Figure 29: Pressure vessel with slot: comparison with experimental results (cf. [29]).
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9)Tensioned aluminum plate
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Figure 5: Thin aluminum plate: geometry, dimensions and relevant material properties. The experimental figures
are also shown.
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Figure 6: Thin aluminum plate: numerical crack paths for three triangular meshes and the experimental result.
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Comparison with the phase field methodComparison with experimental results
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Figure 8: Crack paths resulting from the phase-field approach.

• There is a tendency for phase-field models to follow the mesh orientation.

Another aspect deserving inspection is the suitability of the present approach for the use with quadrilateral
elements. Recent finite strain elements show improved performance for distorted quadrilateral elements and it is
interesting to inspect the di↵erences between triangles and quadrilaterals with non-structured meshes. Figure 9
shows this comparison (both the crack paths and the load/deflection results). Two points are worth mentioning:

• Quadrilateral meshes show stronger mesh distortion at strained regions near the crack tip. Frequently
three nodes become aligned.

• Quadrilateral meshes result in slightly less sti↵ results.

4.2 Bittencourt’s drilled plate

We now use the example by Bittencourt et al. [16] who performed experimental and numerical studies of
curvilinear crack propagation. Specimens are made of Polymethylmethacrylate (PMMA) and for this material,
finite strains are apparent. Geometry, relevant material properties and boundary conditions are shown in Figure
10 for two specimens di↵ering in the linear dimensions a and b. In the paper by Bittencourt [16], the Erdogan-Sih
[24] fracture criterion was used, with stress intensity factors calculated with the domain-integral (see also [35]
for a detailed discussion of this approach) and quarter-point elements. In that paper, the recursive spatial
decomposition method was introduced to perform the mesh subdivision. We here avoid subdivision and test
both triangles and quadrilaterals.

Only specimen #1 required smaller elements when the coarser mesh was used (which was also a conclusion of
Bittencourt et al.) in the crack turning region near the second hole. The presence of the three holes perturbs the
stress fields making the crack trajectory very sensitive to the position and size of the existent notch. Despite
previous well known accuracy di�culties (documented in [16] and observed in [34]), very good agreement was
observed between predicted and experimental crack paths (see Figure 10). The crack mouth opening displacement
(CMOD) is used to control the solution and capture the snap-backs. Load-CMOD results are shown in Figure 12
for both specimens and load-deflection results are shown in Figure 13, showing the well-known snap-backs. Very

11
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Opportunity for a globally defined constitutive approach:

• Combinations of yield functions, hardening laws, damage and void 
fraction laws, thermal-coupling

• Ductile damage requires pressure sensitivity (often combinations of 
Drucker-Prager and Von-Mises)

• Plane strain and stress (with control), shear-deformable shells, 
full 3D, constrained 3D specified by pre-and-post processing of 
constitutive subroutines

• Petrov-Galerkin elements ruin symmetry but are better performing 
and hence correct non-symmetric constitutive laws are now possible

• Use of ACEGEN - allows quick specification of flow vectors and 
derivatives as well as hyperelastic strain energy density functions

• Availability of OPENMP - not ideal for solvers but adequate for 
constitutive laws
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Multiplicative elasto-plasticity for elastic isotropy 

chain rule:

[⌧̇ ]ij =
[d⌧ ]ij
[dF ]kn

h
Ḟ

i

kn
(7)

using the relation Ḟ = lF , we can write (6) for all l as

[C ]ijkl [l]kl =
[d⌧ ]ij
[dF ]kn

[l]kl [F ]ln � [⌧ ]lj [l]il � [⌧ ]il [l]jl (8)

with k, l and n as free-indices. Now we can take the derivative of both members of (8) with respect to [l]kl and
obtain the result (4).

The Kirchho↵ stress is not classically written in terms of b, rather in terms of invariants or principal
stretches (see, e.g. [33]). However, to suit our purposes, we write the relevant expressions in terms of b. The
numerical usefulness of (3) is apparent for finite strain plasticity, since the derivative with respect to an elastic
left-Cauchy-Green tensor be will then have to be related to C to be used in what is now the classical finite-strain
weak form of equilibrium ([59, 58, 60]) for finite element applications. Note that, given a specific form of  b,
any isotropic elastic law can be inserted in (1), its derivative calculated and then both ⌧ and C are completely
defined. Additional kinematical-like internal variables v are also used in the list of ingredients to represent
work-hardening phenomena. If normality is assumed, which implies convexity of the yield surface, the general
constitutive laws for elastic isotropy can be written as:

�i  0 (9)

�i�̇i = 0 (10)

�̇i � 0 (11)

F = FeFp (12)

dp =
nsX

i=1

�̇ini (13)

d = de + dp (14)

⌧ = 2
d b

dbe
be = 2be

d b

dbe
(15)

v̇ = �
nsX

i=1

�̇i'i (16)

where

• �i, i = 1, . . . , ns are yield functions of a given yield criterion with ns yield functions. They are given by
a di↵erence between an equivalent stress, �eqi and a hardening function y: �i = �eqi � y.

• �̇i, i = 1, . . . , ns are the plastic multipliers corresponding to each of the ns yield functions.

• Fe and Fp are the elastic and plastic parts of the deformation gradient, respectively, as proposed by Lee
[41].

4

Without 
specifying 
the plastic 
flow

where AV is a matrix formed the components of b�1

e . In 3D (with 6 strain components), matrix AV is given by:

AV =

2

6666664

2b�1

e11 0 0 2b�1

e12 2b�1

e13 0
0 2b�1

e22 0 2b�1

e12 0 2b�1

e23

0 0 2b�1

e33 0 2b�1

e13 2b�1

e23

b�1

e12 b�1

e12 0 b�1

e11 + b�1

e22 b�1

e23 b�1

e13

b�1

e13 0 b�1

e13 b�1

e23 b�1

e11 + b�1

e33 b�1

e12

0 b�1

e23 b�1

e23 b�1

e13 b�1

e12 b�1

e22 + b�1

e33

3

7777775
(22)

with b�1

eij being the ith row, jth column of b�1

e . Note that AV is i) sparse and ii) only 6 distinct values are

present. This facilitates the task of Acegen (cf. [39]) to generate very e�cient code for A�1

V without the full cost
of a dense 6⇥ 6 inverse. In addition, complementarity (9-11) is equivalent to:

µ�̇i � hµ�̇i + �ii = 0 (23)

where µ > 0 is here a constant used for dimensional consistency only. Macaulay brackets h•i ⌘ max(0, •) are
used to replace the inequalities. Note that, if (23) holds, only one of two cases occur for each yield surface which
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µ�̇i � hµ�̇i + �ii = 0 (27)

where ⌧V is the Kirchho↵ stress in Voigt form and the V operator in (26) transforms the components of a
symmetric tensor to the Voigt form. The first and last equations of this system will be subject to a specific
treatment. A semi-implicit method will be used to integrate (24) and the Chen-Mangasarian smoothing
procedure [23] will be applied to the non-smooth equation (27). The complementarity conditions are often called
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cone are classical for non-di↵erentiable yield functions (cf. [32]) and in the convex case these can be exactly
replaced by multiple yield functions.
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Note that, in this context, no explicit use of the principle of maximum dissipation is required.
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• ni are flow vectors for each of the ns yield functions.

• be is the elastic Cauchy-Green tensor, which measures the recoverable part of the left-Cauchy-Green tensor.
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This decomposition is shown, for example, in [17] and its validity is limited to elastic isotropy.

Having
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be defined, as above (17), as the time-derivative of be maintaining F constant, we can write the
plastic strain rate as (see also eq. (7.18) in [17] for a particular case):
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e ḃe (20)

This spatial plastic strain rate can also be obtained from the principle of maximum plastic dissipation. A
more general (not restricted to elastic isotropy) of (19) for dp was used recently by Areias and Rabczuk [8] and
Areias and Matous [10] and follows similar derivations by Nemat-Nasser6 in [50]. Note that in that case, the
standard plastic strain rate dp in the intermediate configuration is used (see [8]). This particular form (19) has

not, to the authors’ knowledge, been used in the literature. The Voigt form of (19) allows the isolation of
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| {z }

�
be

+
@be
@Fp

: Ḟp
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1

2
⌧ : (ḃeb

�1

e ) =
1

2
(b�1

e ⌧ ) : ḃe =
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ḃeb

�1

e +
1

4
b

�1
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10)  Localization Areias and Van Goethem

XY Z

Imposed velocity (1 m/s)

lc = 0.002 m

✓

r1c = 1

r2c = 2.25
r12c = 3.0625

�y = 500 + 10"̇p Mpa

�
(w)
y = 400 + 10"̇p Mpa

0.3 m

0.1 m

Clamped

(Extrusion for ✓ = ⇡/4)

H = 0.02 m

E = 200 GPa

⌫ = 0.3

"1max = 0.25

Fine mesh: 30404 elements

Coarse mesh: 7525 elements

Dimensions of the weakened zone: 5⇥ 3 mm

Weakened region (w)

Figure 9: Necking of a bar: relevant dimensions, loads and boundary conditions, and material properties. The
characteristic length lc is required to properly model the softening response.
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Figure 10: Anisotropic plate: contour plots (✓ = 0, ✓ = ⇡
4

and ✓ = ⇡
3

) for the void fraction and F
33

. The coarse
mesh is used. Localization angle should be ±41.16� (cf. [43]).
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Figure 12: Cylindrical shell: relevant dimensions, loads, boundary conditions and material properties.
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11) Muscat-Fenech & Atkins plate 

Pressure-displacement results 

Movies
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12) Tear-strapped cylinder
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Movies

“Adequate” results
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Conclusions
• Fracture of ductile shells achieved by edge rotation, multiple-surface plasticity 
and appropriate element technology

• Solution algorithm and techniques described in detail

• Benchmarks and newly proposed problems solved with success

• Still some convergence problems in a given number of examples (not shown!)
• Still some crack path issues like cracks turning to clamped boundaries in plates
• Still some unsolved problems (crack bifurcation, interaction initiation/propagation)

Thank you very much for your attention
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