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Abstract 

This study applies the Constructal Design method to the geometric optimization of a 

branched symmetric concentration divider for calibrating ultrasound devices used to 

monitor tumor response with dynamic contrast. Accurate calibration ensures image qual-

ity and diagnostic reliability. The geometry consists of a three-dimensional, tree-shaped 

flow network with two inlets and three outlets, where inlet 1 carries water containing 

contrast particles, while inlet 2 carries only water. Laminar flow simulations are per-

formed using Computational Fluid Dynamics (CFD) with Ansys Fluent, assuming no-slip 

wall conditions and zero-pressure outlets. The analysis investigates the effects of the inlet 

velocity ratio, the diameter ratio, and the vertical positions of the central outlet and inlet 

tubes, while keeping the total volume and inlet diameter constant. Additionally, velocity, 

pressure, particle distributions, flow partition ratio, and hydraulic resistance are evalu-

ated. Results show nearly linear concentration responses among the outlets (100%, 50%, 

and 0%) when the device approaches geometric symmetry with equal inlet velocities, 

demonstrating efficient control of flow splitting. Although the diameter ratio imposes a 

trade-off with hydraulic resistance, geometric symmetry combined with Constructal De-

sign promotes improved flow uniformity and enhanced performance, with potential ap-

plications in microfluidic mixers that require precise intermediate concentrations. 

Keywords: constructal design; geometric symmetry; concentration divider; CFD;  

ultrasound calibration 

 

1. Introduction 

Dynamic contrast-enhanced ultrasound (DCE-US) was introduced in the 1960s for 

echocardiographic applications [1]. Initially, this imaging technique relied on the admin-

istration of indocyanine dye, a substance frequently used to measure blood flow, which 

generated a “cloud of echoes” on the echocardiogram, thereby creating a contrast effect in 

the detected image [2,3]. Due to emerging safety concerns, the clinical use of this initial dye 

was eventually discontinued, prompting the development of alternative contrast agents. 
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Significant advances in the technique occurred only in the 1990s with the introduction of 

intravenously administered microbubble contrast agents mainly composed of the inert gas 

sulfur hexafluoride (SF6) [4]. After injection, these microbubbles increase the acoustic im-

pedance difference between blood and surrounding tissues, enabling real-time, high-con-

trast visualization of vascular structures and organ perfusion [5]. 

Due to its high diagnostic accuracy, particularly for the early detection of vascular 

and antiangiogenic pathologies, the clinical application of DCE-US has significantly in-

creased over the last few decades. Studies have highlighted that the diagnostic reliability 

of the technique strongly depends on the stability of the acoustic response produced by 

the contrast-agent microbubbles [6–9]. In this context, periodic calibration of DCE-US sys-

tems is essential, as ultrasound signal intensity is directly related to microbubble concen-

tration, a parameter that strongly influences image quality and reproducibility. Currently, 

calibration of DCE-US systems is predominantly performed through experimental proce-

dures that manually prepare different contrast-agent concentrations. However, this ap-

proach tends to introduce operational variability, high contrast-agent consumption, in-

creased experimental cost, and long execution times, while limiting the acquisition of local 

flow parameters. Studies such as those by [10–15] emphasized the need for more stand-

ardized, reproducible calibration methodologies for quantitative ultrasound imaging sys-

tems. 

In this scenario, the application of Computational Fluid Dynamics (CFD) combined 

with concentration-divider devices emerges as a promising alternative for passively gen-

erating predictable and controlled intermediate microbubble concentrations. Besides re-

ducing experimental waste, such systems may improve calibration repeatability and sup-

port quality-control procedures for clinical imaging protocols. 

In a recent study, a device was developed to analyze variations in particle concentra-

tion using a system designed around a concentration divider with two inlets and five out-

lets [16]. That study aimed to simulate flow under conditions of simultaneous variation in 

contrast agent concentrations, while preserving the classical laws of fluid flow. The au-

thors observed that the ideal concentration gradient, namely, the one that best represents 

the imaging response, occurs when the particle concentrations at the outlets are linear 

(e.g., 100%, 75%, 50%, 25%, and 0% for outlets 1, 2, 3, 4, and 5, respectively) [17,18]. An 

analysis of the study by [16] reveals clear opportunities for further flow analysis in engi-

neering applications, where improving system performance by reducing pressure losses 

and increasing efficiency is paramount. System performance can be further enhanced 

through several strategies, such as material variation, structural modifications, and geo-

metric optimization. 

Here, the Constructal Law, introduced by Adrian Bejan, explains how shapes and 

designs develop in nature [19–21]. The law says: “For a finite-size flow system (not infin-

itesimal) to persist in time (to live), it must evolve freely in such a way that it provides 

easier and greater access to the currents that flow through it.” In engineering, Constructal 

Design means intentionally designing flow systems within certain space limits. This 

method has been used in many areas and often leads to very effective and efficient results. 

In contrast to traditional computational fluid dynamics (CFD) parameter optimization, 

which typically utilizes algorithmic or black-box methods to independently adjust dimen-

sions in pursuit of a mathematical minimum, Constructal Design is grounded in physical 

principles [21]. This methodology assesses the evolution of flow architecture under global 

constraints, such as fixed total system and tube volumes. By systematically exploring ge-

ometric degrees of freedom while upholding these finite-size constraints [19–21], Con-

structal Design explicitly elucidates the physical trade-offs that govern the system. As a 

result, it not only determines the optimal configuration but also offers a fundamental 

physical rationale for why a particular architecture most effectively facilitates flow. 
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To further optimization within a medical context, this paper presents a Computational 

Fluid Dynamics (CFD) approach to investigate a calibration device for DCE-US systems 

within the Constructal Design framework. This is applied by granting the system the free-

dom to adapt while systematically varying the geometry and flow velocity across different 

Reynolds numbers, keeping the inlet tube diameter and the total volume constant. Specifi-

cally, the constructal method is applied to the geometry shown in Figure 1, which is based 

on a concentration divider with two inlets and three outlets, corresponding to stage 1 of the 

geometry presented in the reference study [16,22,23]. The numerical simulations evaluate 

three degrees of freedom: variation in the geometric diameter of the outlet tubes, variation 

in the vertical position of outlet tube 2, and variation in the inlet flow velocity 1. 

 

Figure 1. Geometric arrangement of DCE-US based on a concentration divider. 

This study examines the influence of device asymmetry on the calibration of ultra-

sound equipment. Geometric asymmetry arises when the position, length, and diameters 

of the daughter tubes, which originate from the main branch, differ from those of the par-

ent tube. Although prior research on tree-shaped networks has addressed asymmetries in 

device length and diameter, the present study further investigates asymmetry associated 

with the vertical position of outlet tube 2. 

Understanding asymmetric branching is critical because it affects flow resistance 

both locally and throughout the entire network, making the analysis of its impact on the 

system’s response essential [24]. Previous studies examined the hydrodynamic perfor-

mance of T- and Y-shaped branching structures with symmetric and asymmetric binary 

configurations. These studies demonstrated that the degree of asymmetry at each bifurca-

tion affects the overall performance of the tree network, showing that symmetric geome-

tries do not always yield the best performance [24,25]. Consequently, the primary aim of 

this study is to determine the most efficient and cost-effective geometries, operating con-

ditions, and calibration procedures for a DCE-US concentration divider. Specifically, this 

work aims to address the following critical research questions: (i) How can Constructal 

Design principles be applied to geometrically optimize the flow architecture of a concen-

tration divider to achieve a linear particle concentration gradient across its outlets? and 
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(ii) What geometric parameters are most critical to the design and performance of this 

device for medical ultrasound calibration? 

2. Materials and Methods 

2.1. Problem Description 

The present study addresses the application of the Constructal Design method to the 

calibration of dynamic contrast-enhanced ultrasound devices, in which we performed 

computational numerical simulations in ANSYS Fluent 2025/R1 based on the concentra-

tion divider illustrated in Figure 1. The device consists of a three-dimensional configura-

tion with two inlets and three outlets. 

The geometric arrangement has a constant diameter at both inlets and a constant total 

occupied volume (∀ = 6.00 × 103 mm3). In addition, this study assumes the volume ratio 

(φ) to be a global constant, defined as the ratio of the volume occupied by the tubes to the 

total system volume. The tubes occupy 10% of the total volume (∀T = 600 mm3), resulting 

in φ = 0.10. 

The study is conducted based on particle concentration analysis, focusing on varia-

tions in the concentration of contrast-agent particles. Inlet 1 contains both the continuous 

and discrete phases (water and particles), whereas inlet 2 contains only the continuous 

phase. The study aims to determine the particle concentration at each outlet and to iden-

tify the set of degrees of freedom that define a more efficient device, that is, the geometric 

configuration and flow velocity that produce a linear response with particle concentra-

tions of 100%, 50%, and 0% at outlets 1, 2, and 3, respectively. 

To this end, the Constructal Design method is applied by implementing degrees of 

freedom subject to two constraints (global constants): a constant inlet tube diameter and 

constant volumes. The degrees of freedom are applied with respect to variations in the 

outlet diameter (D2), the vertical position of outlet tube 2, and the variation in the inlet 

flow velocity at inlet 1. 

Regarding vertical variation, represented by the ratio of the distance between outlets 

(α), the symmetric configuration occurs when α = 0.500, corresponding to equally spaced 

outlet tubes. Asymmetric configurations (α ≠ 0.500) allow evaluating the effect of unequal 

tube positions on the device’s performance. The comparative analysis of symmetric and 

asymmetric scenarios highlights how geometric asymmetry influences calibration and de-

vice optimization, emphasizing its fundamental role in Constructal Design. 

∀= (L0 + L2)WL1, (1) 

∀T=
2πL0D0

2

4
+

πL1D1
2

4
+

3πL2D2
2

4
, (2) 

φ =
∀T

∀
, (3) 

where ∀ denotes the total volume occupied by the arrangement, ∀T corresponds to the 

tube volume, W is the depth of the bounding domain equal 2.96 mm for all cases, D0 and L0 

represent the diameter and length of the inlet tubes, D1 and L1 denote the diameter and 

length of the vertical tube, and D2 and L2 correspond to the diameter and length of the outlet 

tubes. The bounding depth W naturally differs from the inner tube diameter because it de-

fines the outer physical limit of the 3D fluid-dynamic region modeled in our CFD domain, 

securely accommodating the spatial arrangement of the entire branched network. 

To execute the optimization, the system is parameterized using three geometric de-

grees of freedom and one operational parameter. The geometric degrees of freedom dic-

tate the flow architecture and are defined as follows: 
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aD =
D2

D1
, (4) 

α =
h1

L1

, (5) 

where aD represents the ratio between the diameter of the vertical tube (D1) and the outlet 

diameter (D2). Because the total volume of the tubes is constrained as a global constant (a 

fundamental requirement of Constructal Design to ensure optimization occurs under fi-

nite-size material constraints), any variation in the diameter ratio aD necessitates a pro-

portional adjustment in the tube lengths to maintain volume closure. The parameter α 

represents the ratio of the distance between outlet tubes 1 and 2 (h1) to the total length of 

the vertical tube (L1). Consequently, a symmetric placement corresponds to the precise 

midpoint of the vertical tube, yielding α  = 0.500, whereas α  = 1.00 would indicate an 

asymmetric position at the extreme distal end of the structure. 

Additionally, a degree of freedom was introduced to evaluate particle concentration 

as a function of the vertical variation in the inlet tubes, represented by the dimensionless 

parameter (𝛿). This parameter defines the relative vertical location of the inlet tubes with 

respect to the central axis of the system. Specifically, 𝛿 determines the exact vertical dis-

tances h(0,1) (representing the position of Inlet 1) and h(0,2) (representing the position of Inlet 

2) relative to the total vertical length L1. Accordingly, it became necessary to define the 

vertical position of inlet tube 1 using two distinct sets of equations. 

The first set corresponds to cases in which the distance between the inlet tubes re-

mains constant, while both tubes are vertically displaced together, either upward (𝛿 = 

0.250) or downward (𝛿 = 0.750). The second set represents configurations in which the 

inlet tubes positions vary relative to the central axis of the system. In these cases, the tubes 

may be positioned closer together (𝛿 = 0.150) or farther apart (𝛿 = 0.850). 

h(0,1) = {
(

L1

2
) δ                   δ = 0.250, 0.750   

(
L1

2
) (1 − δ)        δ = 0.150, 0.850   

, (6) 

where δ represents the dimensionless parameter associated with the vertical variation in 

the inlet tubes, h(0,1) denotes the vertical position of inlet tube 1 relative to the upper end 

of the vertical tube, and L1 is the length of the vertical tube. 

Finally, alongside the geometric variations, an operational parameter was introduced 

to assess the effect of boundary flow asymmetry. This is defined by the inlet velocity ratio 

ψ =
uin (0;1)

uin (0;2)
, (7) 

where ψ represents the ratio of the velocity in inlet tube 1 (uin(0;1)) to the velocity in inlet 

tube 2 (uin(0;2)). 

Table 1 presents the dimensional data of the symmetric geometry (D0 = 2.00 mm, α = 

0.500, 𝜑 = 0.10 and W = 2.96 mm) used to represent the concentration divider employed to 

calibrate a dynamic contrast-enhanced ultrasound device, as shown in Figure 1. 

Thus, this study geometrically parameterizes the concentration divider used to cali-

brate the DCE-US device in ANSYS 2025/R1 DesignModeler. The study evaluates the fol-

lowing parameters: three outlet diameter ratios (aD), considering equal diameters, 20% 

smaller, and 40% smaller outlet diameters (1.00, 0.80, and 0.60); five vertical positions of 

outlet tube 2 (0.150, 0.325, 0.500, 0.675, and 0.850); and four inlet flow velocity ratios (1.20, 

1.00, 0.80, and 0.60). For each adopted velocity ratio, a corresponding Reynolds number 

of 420, 350, 280 and 210 was considered. 
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Table 1. Dimensions of the arrangement based on a symmetric geometry. 

Parameter Length (mm) 

L0 31.83 

L1 31.83 

L2 31.83 

D0 2.00 

D1 2.00 

D2 2.00 

Regarding the vertical position of outlet tube 2, the two extreme values analyzed 

(0.150 and 0.850) correspond to the positions immediately above inlet 1 and below inlet 2, 

respectively. Likewise, the symmetric position corresponds to α = 0.500. 

Figure 2 illustrates the degrees of freedom and constants used in the ultrasound cal-

ibration study. Based on this combination of degrees of freedom, the present study com-

prises 240 configurations, 60 of which involve geometric variations (outlet diameter, the 

position of outlet tube 2, and the position of inlet tubes), combined with 4 inlet flow ve-

locities at inlet 1. 

  

Figure 2. Scheme of constants and degrees of freedom applied in the study. 

For the present study, we performed particle analysis using a Lagrangian approach, 

in which the model solves the equations of motion for each particle at all time steps within 

the flow field. 

The study considers laminar flow and the following boundary conditions: a pre-

scribed inlet velocity, no-slip conditions at the walls, and zero-gauge pressure at the out-

lets. The governing equations for the conservation of mass and momentum of the fluid 

(water) are the incompressible Navier–Stokes equations and the continuity equation, ex-

pressed in Equations (8) and (9), respectively [26]. 

∇ ∙ 𝐮 = 0, (8) 

ρ
∂𝐮

∂t
+ ρ(𝐮 ∙ ∇)𝐮 = −∇p + μ∇2 𝐮, (9) 

where u is the velocity vector, ρ is the fluid density, μ is the dynamic viscosity, and p is 

the pressure. 

In addition, the variation in flow velocity was performed through changes in the 

Reynolds number based on the inlet tube diameter: 

https://doi.org/10.3390/pr14111837
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Re =
uρD0

μ
, (10) 

To conduct the particle-based study, we used the Discrete Phase Model (DPM) in 

ANSYS Fluent 2025/R1. The DPM accounts for the interaction between the continuous and 

discrete phases, which in this study are represented by water and the SonoVue contrast 

agent [27]. The study performs the computational numerical simulations under transient 

conditions, with a total simulation time of 90 s. During this period, the system continu-

ously injected 106 particles into the flow at each time step. In addition, both the water and 

the particles were assumed to remain at ambient temperature (Tamb) of 20.00 °C. This base-

line temperature is heavily representative of standardized benchtop calibration environ-

ments for ultrasound devices. While minor ambient temperature fluctuations (e.g., ±1 °C) 

will slightly alter fluid viscosity, the resulting variations in the laminar Reynolds number 

are mathematically negligible and do not fundamentally shift the topological flow parti-

tioning or particle distribution trends discussed herein. 

In this context, the study adopts a Lagrangian approach to track the motion of indi-

vidual spherical particles within the flow. The force balance acting on each particle, which 

the model integrates to determine its trajectory, is given by the Basset–Boussinesq–Oseen 

formulation [28]: 
d𝐮p

dt
=

1

ρp
[
18μ

Dp
2

CD Rep

24
(𝐮 − 𝐮p) +

1

2
ρ

d

dt
(𝐮 − 𝐮p) + μ𝐮p

du

dt
+ g(ρp − ρ) + Fbr], (11) 

where 𝐮 is the fluid velocity and 𝐮p is the particle velocity; g is the gravitational acceler-

ation; ρp is the particle density; CD is the drag coefficient; Dp is the particle diameter; and 

Rep is the particle Reynolds number. The five terms on the right-hand side of the equation 

represent, respectively: the drag force (first term), the virtual mass force required to accel-

erate the fluid surrounding the particle (second term), the force due to the fluid pressure 

gradient (third term), the gravitational force (fourth term), and the force resulting from 

Brownian collisions (fifth term). 

In this configuration, inlet 1 contains both the continuous phase (water) and the dis-

crete phase (particles), whereas inlet 2 contains only the continuous phase. The study eval-

uates particle tracking using the Discrete Phase Model (DPM) based on the number of 

particles exiting through outlet 1. Thus, the percentage of particles leaving through each 

outlet (β(2,i)) is defined relative to the number of particles passing through outlet 1, as 

expressed by: 

β(2,i) =
βout(2,i)

βout(2,1)
∙ 100%, (12) 

where βout(2,i) and βout(2,1) correspond to the particle concentration exiting through out-

let i (where i denotes the outlet number) and through outlet 1, respectively. 

In addition, for a 90 s simulation, considering the properties of the contrast agent and 

the diameter of each spherical particle, it is possible to determine the mass flow rate of 

each flowing particle, as defined by: 

ṁp = Npρp∀p, (13) 

where ṁp is the particle mass flow rate, Np corresponds to the number of particles per unit 

time in the flow, ρp is the particle density, and ∀p corresponds to the particle volume. 

Table 2 summarizes the system parameters adopted in the numerical simulations of the 

three-dimensional concentration divider. The study assumes laminar flow and imposes a con-

vergence criterion of at least 1 × 10−4 for both the velocity and continuity equations to ensure 

numerical accuracy. The simulations are run at ambient temperature with stationary isother-

mal walls. Therefore, the model does not solve the energy equation. The numerical model 

discretizes and solves the governing equations using the coupled pressure–velocity scheme, 

thereby enhancing solution stability for the investigated flow conditions. The model 

https://doi.org/10.3390/pr14111837
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prescribes zero-pressure boundary conditions at the outlets, allowing an appropriate evalua-

tion of the concentration distribution and flow behavior within the divider. 

Table 2. Boundary conditions for the particle concentration study. 

Water Value (Unit) Particle Value (Unit) 

T0,1 20.00 (°C) Tpart 20.00 (°C) 

T0,2 20.00 (°C) Np 106 (1/s) 

Pout 0.00 (Pa) Dp 3.00 (µm) 

μ 1.0016 × 10−3 (Pa s) ∀p 1.414 × 10−17 (m3) 

ρ 998.20 (kg/m3) ρp 3.16 × 10−3 (kg/m3) 

To quantify flow asymmetry, this study defines the dimensionless Flow Partition Ra-

tio (FPR) as the ratio of the mass flow rate through a specific tube to the total mass flow 

rate through the tree-shaped flow network [26,29]. This dimensionless parameter quanti-

fies the extent to which the flow entering the device is evenly distributed among the net-

work’s outlets. In the present case, for example, the optimal configuration corresponds to 

an FPR of 0.33 for outlets 1, 2, and 3, representing a proportional distribution of the 100% 

mass flow rate entering the device. Accordingly, FPR is defined as: 

FPR(2,i) =
ṁ(2,i)

ṁ
, (14) 

where ṁ(2,i) is the outlet mass flow rate of the tubes, where i represents each of the outlets 

1, 2, and 3, and ṁ is the inlet total mass flow rate of the device. 

Another factor analyzed in this study is the flow resistance: 

R =
∆p

ṁ
, (15) 

where R is the flow resistance, Δp is the pressure difference (Pa), and ṁ is the total mass 

flow rate at the two inlets. This analysis assesses how flow behavior changes as a function 

of the degrees of freedom applied. 

2.2. Objectives and Objective Function 

The main objective of this study is to develop an analysis based on the concepts of 

Constructal Theory to achieve a more efficient and cost-effective calibration of equipment. 

Accordingly, the analysis consists of: 

• Developing a computational numerical study applying the Constructal Design 

method to concentration dividers used for ultrasound calibration. 

• Identifying which combination of variables associated with the degrees of freedom 

proposed in the Methodology section provides the best linear response, namely par-

ticle concentrations of 100%, 50%, and 0% at outlets 1, 2, and 3, respectively. 

The application of Constructal Theory in this study aims to develop new geometric 

structures and to promote interdisciplinary integration by combining engineering con-

cepts with medical applications, thereby enriching the scientific literature. 

The objective function (OF) of the study is formulated to quantify deviations from 

the ideal linear response across the device’s outlets, enabling us to identify the optimal 

combination of degrees of freedom. 

OF =
min

aD;  α;  ψ
(SP = ∑|β(2,i) − β(ref,i)|

3

i=1

) (16) 

where SP represents the total absolute error, β(2,i) is the simulated particle concentration 

at outlet i, and β(ref,i) is the ideal target concentration for outlet i (specifically 100%, 50%, 

and 0% for i = 1, 2, and 3, respectively). 

https://doi.org/10.3390/pr14111837
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This formulation represents a minimization problem that aims to drive the total ab-

solute error, Sp, as closely as possible to zero. Achieving a value of zero would indicate 

that the chosen combination of geometric and flow parameters perfectly reproduces the 

ideal, linear calibration targets across all three outlets. 

2.3. Mesh Study and Time-Step Independence Study 

We conducted the mesh study using the Grid Convergence Index (GCI) [30,31] and 

analyzed results for different mesh sizes. For the present study, we performed a conver-

gence analysis of the particle concentration escaping through outlet 2. Smaller diameters 

produce the critical values. In this sense, we verified that among the possible geometric 

variations, the smallest diameters appear when the diameter ratio (aD) equals 0.60. 

For the GCI test, we used three different element sizes in a hexahedral mesh, includ-

ing 10 inflation layers near the wall with an initial thickness of 0.05 mm. These layers 

become progressively finer close to the surface to accurately capture velocity gradients 

and other flow properties in the near-wall region. The refined mesh has an element size 

of 0.0823 mm, while the intermediate and coarse meshes have element sizes of 0.1089 mm 

and 0.1425 mm, respectively. 

Table 3 presents the results of the mesh independence study based on the particle 

concentration at outlet 2 β(2,2) and the flow resistance (R). It is observed that β(2,2) exhib-

its a more pronounced variation between the coarse and medium meshes (from 40.37% to 

44.86%), indicating sensitivity to spatial discretization within this range. However, the 

difference between the medium and fine meshes is below 2%, suggesting a trend toward 

solution convergence. 

For the flow resistance (R), variations across the meshes are below 4%, indicating 

monotonic behavior and lower sensitivity to mesh refinement. The calculated Grid Con-

vergence Index (GCI) values indicate low numerical uncertainty for both variables in the 

finer meshes, although the discrepancy observed between the coarse and medium meshes 

for β(2,2) suggests caution when interpreting the GCI in isolation. 

Considering the trade-off between computational cost and accuracy, the coarse mesh 

was selected for all subsequent simulations. While there is a localized sensitivity in β(2,2) 

between the coarse and medium meshes, the global flow resistance (R) remains highly 

stable. Thus, the coarse mesh proved sufficient to accurately capture the qualitative trends 

and comparative performance of the geometries without incurring excessive computa-

tional expense. To contextualize this trade-off, the full parametric study required 240 dis-

tinct three-dimensional, transient simulations with discrete phase tracking over 90 s of 

flow time. Employing a medium or fine mesh across the entire matrix would have been 

computationally impractical due to the high computational cost and execution time. Be-

cause the coarse mesh successfully captured the stable, global hydrodynamic behaviors 

and qualitative concentration trends, it was deployed as a comparative screening tool to 

efficiently navigate the broad design space. The localized absolute sensitivities in particle 

concentration were subsequently mitigated by subjecting only the final optimized config-

urations to the high-resolution validation detailed in Section 3.2. Subsequently, a time-

step sensitivity analysis was conducted on the selected coarse mesh. The relative error 

was evaluated, as shown in Table 4. 

The results indicate that the difference between the time-steps of 0.10 s and 0.05 s is 

1.18%, suggesting weak sensitivity within this range. Although further refinement to a 

time-step of 0.01 s yielded a higher relative difference of 7.41% for β(2,2), the global flow 

resistance remained entirely insensitive to temporal discretization. Given the exponen-

tially higher computational cost associated with smaller time steps, 0.05 s was established 

as the optimal compromise to provide reliable, comparable transient data. This choice cor-

responds to 1800 time-steps for a total simulation time of 90 s. 

https://doi.org/10.3390/pr14111837
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The relative errors for the particle concentration and flow resistance are calculated 

using the following formulations 

ε (2,2) = |
β(i) − β(i−1)

β(i)
| 100%, (17) 

ε (R) = |
R(i) − R(i−1)

R(i)
| 100% (18) 

Mesh convergence tests are inherently broad; however, literature establishes that for 

GCI values of 5% or lower, further mesh refinement results in negligible changes to the 

flow field [29,32,33]. Additional refinement would unnecessarily inflate computational 

costs. Consequently, this 5% threshold was adopted as the reference limit for both the GCI 

and the relative error analyses in this study. Figure 3 illustrates the hexahedral mesh with 

a coarse element size of 0.1425 mm, which we selected for all simulations. 

 

Figure 3. Representation of the coarse mesh of a symmetric arrangement based on a concentration 

divider, determined by the GCI method, where the details show: (A) the inlet region with inflation 

layers; (B) the corner region; and (C) the junction region. 

Table 3. Mesh convergence test (GCI) for the particle concentration study. 

aD 𝐃𝟐 (mm) Mesh Type Mesh Element Element Size (mm) 𝛃(𝟐,𝟐) (%) GCI (%) R (Pa s/kg) GCI (%) 

0.60 1.20 

Course 458,914 0.1425 40.37 1.62 521,329.25 4.42 

Medium 916,195 0.1089 44.86 0.17 525,605.77 3.56 

Fine 2,624,843 0.0823 44.35 - 529,240.52 - 

Table 4. Time independence test for the particle concentration study. 

aD 𝐃𝟐 (mm) Element Size (mm) Time-Step (s) 𝛃(𝟐,𝟐) (%) 𝜺 (𝟐,𝟐) (%) R (Pa. s/kg) 𝛆 (𝐑) (%) 

0.60 1.20 

0.1425 0.10 40.37 - 521,329.25 - 

0.1425 0.05 40.84 1.18 521,329.69 0.00 

0.1425 0.01 37.82 7.41 521,330.12 0.00 

2.4. Model Validation 

To establish a baseline for performance, this study defines an ideal calibration as one 

exhibiting a perfectly linear trend, corresponding to particle concentrations of 100%, 50%, 

and 0% at outlets 1, 2, and 3, respectively. The numerical model validated herein utilizes 

a symmetric geometry with an inlet diameter of D0 = 2.00 mm. As shown in Figure 4, the 

simulated results exhibit a linear trend with decreasing particle concentrations across the 
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analyzed outlets, closely mirroring the ideal target. In comparison with the reference 

study by [16], the present study (D0 = 2.00 mm) yields a particle concentration at outlet 2 

of 56.23%, representing a relative difference of approximately 4.21%. This is considered 

acceptable within the established limit of up to 10% deviation for numerical validation. 

When analyzing our previous study (D0 = 3.00 mm) [33], numerical differences are ex-

pected and observed, which are physically attributed to variations in the geometric diam-

eter and, consequently, the flow velocity and Reynolds number. 

 

Figure 4. Comparison of simulated particle concentrations across outlets against literature and ideal 

targets [16]. 

Table 5 presents the numerical values obtained in the present study, along with the 

reference values used for validation. These validation cases assume a symmetric geometry 

with uniform inlet flow conditions. Relative errors were calculated to quantify the accu-

racy of the present model against both the ideal targets and the literature data. 

Table 5. Numerical data of the particle concentration validation study. 

Nº Studies Outlet 1 Outlet 2 Outlet 3 𝛆(2-1) 𝛆(2-3) 𝛆(2-4) 

1 Ideal Calibration 100.00% 50.00% 0.00% 12.46% - - 

2 Present study (D0 = 2.00 mm) 100.00% 56.23% 0.00% - - - 

3 Previous study [15] (D0 = 3.00 mm) 100.00% 50.57% 0.00% - 11.18% - 

4 Marouf et al., 2024 [16] 100.00% 58.70% 0.00% - - 4.21% 

3. Results 

This section presents the results obtained by applying three degrees of freedom: var-

iation in the diameter ratio (aD), variation in the vertical position of outlet tube 2 (α), and 

the ratio between the inlet velocities (𝜓). To evaluate the influence of scale, the results for 

the current geometry (D0 = 2.00 mm) are directly compared with those from a previous 

study with D0 = 3.00 mm. 

3.1. Comparative Study of Geometries with Different Inlet Diameters 

Figure 5 illustrates the behavior of the particle concentration response at outlet 2 as a 

function of the variation in the vertical position of the tube (α) and the ratio between the 

inlet velocities (𝜓). The graph on the left shows the variation in particle concentration at 

outlet 2 as a function of the central tube position for cases with D0 = 2.00 mm and D0 = 3.00 

mm. In this analysis, both the diameter ratio (aD = 1.00) and the inlet velocity ratio (𝜓 = 

1.00) were kept constant. In turn, the graph on the right represents the variation in particle 
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concentration at outlet 2 as a function of the inlet velocity ratio (𝜓), for the same values of 

D0. In this case, the diameter ratio (aD = 1.00) and the central tube position, assumed to be 

symmetric (α = 0.500), were kept constant. 

Figure 5 indicates that, when only the vertical position of outlet tube 2 is considered, 

the curves exhibit strong similarity despite changes in inlet diameter. The trends follow a 

third-order polynomial, with optimal calibration (50% fraction at outlet 2) occurring be-

tween positions 0.300 and 0.500, close to inlet tube 1 and the plane of symmetry. 

For a symmetric geometry, variations in the inlet velocity ratio produce more results 

that are scattered as the inlet diameter of the device changes, which is expected since di-

ameter variations directly affect the Reynolds number and the flow velocity. Nevertheless, 

we observe intersection points between the two trend curves. For velocity ratios near 0.90 

and 1.00, both curves yield particle concentrations at outlet 2 that are close to the ideal 

calibration value of 50%. 

 

Figure 5. Comparative study of particle concentration at outlet 2. The (left) graph illustrates con-

centration as a function of the vertical position (α) at a constant velocity ratio, while the (right) graph 

shows concentration as a function of the inlet velocity ratio (𝜓) at a symmetric position. Both graphs 

compare inlet diameters of 2.00 mm and 3.00 mm. 

Based on these graphs, the analysis shows that variations in the vertical position of 

outlet tube 2 produce similar trend curves despite changes in the inlet diameters. The re-

sults also indicate that the best calibration response occurs near the symmetry condition. 

The same behavior, where outlet 2 more frequently reached values near 50%, is observed 

in [33]. However, variations in diameter alter the flow velocity, which explains the behav-

ior observed in the results as a function of the inlet velocity ratio. Furthermore, the results 

show that conditions closer to symmetry and with equal inlet velocities tend to yield val-

ues approaching the ideal calibration condition. 

To further analyze the response behavior at outlet 2, a study was conducted that con-

sidered the two degrees of freedom acting simultaneously: variations in vertical position 

and in the inlet velocity ratio. 

Figure 6 shows the trend lines for each inlet velocity ratio as a function of the vertical 

position of outlet tube 2, for studies conducted with inlet diameters of 2.00 mm and 3.00 

mm. However, for the 2.00 mm diameter, lower velocity ratios 𝜓 reflect a reduction in the 

particle concentration percentage at α = 0.150. For the case of a 2.00 mm diameter, a point 

close to the ideal calibration value of 50% is observed when 𝛼 is approximately 0.400, with 

velocity ratios 𝜓 equal to 1.20 and 1.00, that is, when the inlet velocity at inlet 1 is 20% 

higher than that at inlet 2 or when both inlet velocities are equal. For the configuration 

with an outlet diameter D0 = 3.00 mm, the trend curves show two intersection points, 
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indicating a transition in the dominant mechanism that controls the concentration distri-

bution at outlet 2. The first intersection occurs at α ≈ 0.400 between the velocity ratios 𝜓 

= 0.60 and 𝜓 = 1.00, while the second occurs at α ≈ 0.600 between 𝜓 = 0.80 and 𝜓 = 1.00. 

These intersections indicate that the influence of the inlet velocity ratio and the geometric 

configuration become comparable at specific values of α. As α increases, the geometric 

asymmetry imposed by the vertical displacement of outlet tube 2 progressively alters the 

hydraulic pathways and modifies the flow partition within the device. Studies of flow 

distribution in T-shaped junctions and tree-shaped flow networks report similar behav-

iors, where the interaction between boundary conditions and geometric configuration de-

termines the final flow partition [20,24]. 

Accordingly, the results depicted in Figure 6 show that both analyzed diameters ex-

hibit similar calibration points at α values close to 0.400, with equal inlet flow velocities 

(i.e., 𝜓 = 1.00). 

 

Figure 6. Particle concentration at outlet 2 as a function of the vertical position (α) across multiple 

inlet velocity ratios (𝜓). The analysis compares geometries with 2.00 mm (left) and 3.00 mm (right). 

3.2. Particle Concentration Analysis Based on the Application of Degrees of Freedom 

At this stage of the study, the analysis focused on a geometry with an inlet diameter 

of D0 = 2 mm, as this diameter matches that investigated in the reference study [16]. 

Regarding the application of the degrees of freedom, Figure 7 shows the particle con-

centration for the different geometric variations performed for each inlet velocity ratio. In 

this context, the results indicate that across all four analyzed values of the inlet velocity 

ratio 𝜓, the particle concentration at outlet 2, closest to the ideal calibration, occurs when 

outlet tube 2 is positioned between the two inlets (i.e., 0.250 < α < 0.750). Conversely, at 

the extreme positions, with α equal to 0.150 and 0.850, the values do not converge toward 

the optimal condition. Furthermore, analysis of the curves for the different outlet diameter 

ratios indicates that when the velocity ratio 𝜓 equals 0.60, the highest particle concentra-

tion occurs at a diameter ratio of 0.60. This behavior arises because a smaller outlet diam-

eter results in a longer tube length, under the study’s assumption of a constant-volume 

geometry. Accordingly, analysis of the 240 obtained results showed that only three points 

exhibit errors of up to 10% relative to the ideal calibration value of 50%. 

Among the combinations of degrees of freedom, one configuration exceptionally 

close to the optimal target value (β∗
(2,2)) is identified for 𝜓 = 1.20, with α and aD values 

of 0.675 and 0.60, respectively. In addition, two optimized points are observed for 𝜓 = 1.00, 

occurring at α = 0.325 for aD = 1.00 and 0.60, respectively, as summarized in Table 6. To 

ensure the robustness of the optimal configurations identified in this table, a high-
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resolution validation was performed. The three optimized cases were resimulated with a 

finer spatial discretization (medium mesh) and a refined temporal resolution (time step of 

0.01 s). The high-resolution results yielded particle concentrations at outlet 2 of 49.39%, 

51.43%, and 49.81%, respectively. The minimal deviation from the initial parametric 

sweep confirms that the identified optimal points reflect physical flow behavior rather 

than numerical artifacts arising from spatial or temporal discretization limits. 

 

Figure 7. Particle concentration at outlet 2 as a function of the vertical position (α) and diameter 

ratio (aD) for the four evaluated inlet velocity ratios (𝜓) at D0 = 2.00 mm. 

Table 6. The particle concentration values measured at outlet 2 approximate the optimal value. 

𝜓 𝛂 aD 𝛃∗
(𝟐,𝟐) (%) 

Element Size 0.1425 mm 

Time-Step 0.05 s 

Element Size 0.1089 mm 

Time-Step 0.01 s 

𝛃(𝟐,𝟐) (%) 𝛆 (%) 𝛃(𝟐,𝟐) (%) 𝛆 (%) 

1.00 0.325 0.60 50.00 47.31 5.38 49.39 1.23 

1.00 0.325 1.00 50.00 53.68 7.36 51.43 2.86 

1.20 0.675 0.60 50.00 47.59 4.82 49.81 0.39 

Figure 8 shows particle concentration contours in terms of mass per unit volume. The 

results show that reducing the outlet diameter (aD = 0.60) decreases the particle concen-

tration at the lateral outlets. This behavior occurs because reducing the diameter ratio un-

der a constant-volume constraint requires a proportional increase in tube length, thereby 

elevating the system’s frictional losses and overall flow resistance. This characteristic has 

also been reported in Y-shaped or dendritic flow networks, where the diameter ratio aD 

controls the network’s hydraulic resistance. In these systems, smaller diameter ratios in-

crease friction losses due to the longer tubes required by the constant-volume constraint, 

while larger diameters tend to reduce the overall flow resistance [29,33]. Furthermore, as 

outlet tube 2 moves farther away from inlet 1, the location where particles enter the 
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system, the particle concentration in the flow decreases. This trend is consistent with the 

behavior previously observed in Figure 7. 

 

Figure 8. Spatial concentration contours (left) and longitudinal concentration profiles (right) 

demonstrating the fluid-particle distribution for the three optimized geometric configurations iden-

tified in Table 6. 

3.3. FPR Analysis Based on the Application of Degrees of Freedom 

Figures 9–11 show the Flow Partition Ratio (FPR) for each outlet in the analyzed con-

figuration, considering each combination of inlet velocity ratio 𝜓 and the vertical position 

𝛼. These figures illustrate the flow-rate behavior resulting from the degrees of freedom 

adopted in the study, with each graph corresponding to a different inlet velocity ratio. 

The FPR analysis shows that even in geometrically symmetric configurations, the flow 

does not always distribute uniformly across the device’s branches. This behavior indicates that 

geometric and hydrodynamic factors directly influence the flow partition [29,32,33]. 

The results indicate that the flow distribution depends significantly on the geometric 

characteristics of the network, including the diameter ratio (aD), the position of outlet tube 

2 along the structure, and the system slenderness. This occurs because maintaining a con-

stant total volume requires that variations in diameter be compensated by changes in tube 

length. The results show that at the minimum evaluated vertical position (α = 0.150), the 

flow rate at outlet 3 tends to be highest. Conversely, at the maximum evaluated position 

(α = 0.850), the flow rate at outlet 1 increases. 

Furthermore, changes in geometric parameters can make the flow distribution more or 

less homogeneous, as reported in previous studies [29,33]. Under certain conditions, reduc-

ing the diameter ratio promotes a more uniform flow distribution among the network’s 

branches. Therefore, the FPR is an important tool for evaluating the hydraulic performance 

of branched networks and for understanding how geometry influences flow distribution. 
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Figure 9. Flow Partition Ratio (FPR) distribution among the three outlets for a diameter ratio aD 

equal to 1.00. The subplots illustrate the distribution across multiple vertical positions (𝛼) for the 

four evaluated inlet velocity ratios (𝜓). 

 

Figure 10. Flow Partition Ratio (FPR) distribution among the three outlets for a diameter ratio aD 

equal to 0.80. The subplots illustrate the distribution across multiple vertical positions (𝛼) for the 

four evaluated inlet velocity ratios (𝜓). 
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Figure 11. Flow Partition Ratio (FPR) distribution among the three outlets for a diameter ratio aD 

equal to 0.60. The subplots illustrate the distribution across multiple vertical positions (𝛼) for the 

four evaluated inlet velocity ratios (𝜓). 

3.4. Flow Resistance Analysis Based on the Application of Degrees of Freedom 

Figure 12 shows the behavior of the flow resistance as a function of the variation in 

the vertical position of outlet tube 2 (𝛼), the inlet velocity ratio represented by the param-

eter (𝜓), and the diameter ratio (aD). The results show that increasing the inlet velocity 

ratio (𝜓), which corresponds to increasing the absolute flow velocity at inlet 1 relative to 

inlet 2, results in higher flow resistance. This indicates a direct relationship between higher 

fluid velocity and greater hydraulic losses within the system. This behavior is consistent 

with results reported in the literature, which show that increasing flow conditions inten-

sify inertial effects and pressure losses throughout the network, thereby increasing flow 

resistance [29,32,33]. 

  

Figure 12. Flow resistance behavior across the evaluated degrees of freedom. The (left) graph illus-

trates resistance as a function of the vertical position (𝛼) for a constant diameter ratio (aD = 1.00). 

The (right) graph demonstrates resistance as a function of the inlet velocity ratio (𝜓) across different 

diameter ratios (aD) for a symmetric position (α = 0.500). 
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In addition, variations in the outlet tube diameter strongly influence flow resistance. 

Lower values of the diameter ratio, such as aD = 0.60, produce significantly higher re-

sistance than aD = 0.80 or 1.00, indicating that reducing the diameter increases friction 

losses and the pressure drop in the system [29,32,33]. Furthermore, the geometric asym-

metry introduced by the variation in the vertical position of outlet tube 2 also modifies the 

flow distribution and the pressure losses along the device, directly influencing the re-

sistance values obtained. 

3.5. Analysis of Velocity and Pressure Contours 

Figure 13 shows the static pressure contours and the corresponding pressure profiles 

along the device’s total length for three vertical positions of outlet tube 2. In all cases, the 

pressure gradually decreases along the flow path due to head losses associated with wall 

friction and geometric singularities at the system’s bifurcation. However, the system ex-

hibits higher pressure and greater flow resistance when outlet tubes 1 and 2 are positioned 

closer together, as in the case of α  = 0.150. In this configuration, the proximity of the 

branches intensifies localized losses in the flow-division region, thereby increasing energy 

dissipation. In contrast, when the tubes are arranged in a more symmetric configuration 

(α = 0.500), the system presents a more uniform pressure distribution and smaller pres-

sure gradients near the bifurcation. This condition reduces the hydraulic resistance and 

localized pressure losses, thereby allowing the fluid to flow more freely through the de-

vice. In addition to the geometric influence of outlet position, tube diameter variation also 

plays a significant role in flow resistance, as shown in Figure 14. Smaller values of the 

diameter ratio (aD = 0.60) increase the pressure at the inlet region of the system. This be-

havior occurs because a reduction in the flow area increases the system’s hydraulic re-

sistance, thereby requiring a larger pressure gradient to maintain the same flow rate 

[29,33]. As a result, the fluid exhibits higher upstream pressure and a more pronounced 

pressure drop along the device. Similarly, increasing the inlet velocity ratio (𝜓) raises the 

system pressure. Thus, the behavior observed in the figures indicates that the device’s 

hydraulic resistance arises from the interaction between geometric parameters, such as 

the positions and diameters of the outlet tubes, and operational parameters, such as the 

inlet flow velocity [29,32,33]. 

Figure 15 shows the velocity magnitude contours and the velocity profiles along the 

total length of the device for different vertical positions of outlet tube 2. Initially, the ve-

locity gradually increases along the inlet channel, a behavior associated with flow devel-

opment and the evolution of the boundary layer along the tube walls. As the fluid ap-

proaches the bifurcation region, the velocity magnitude changes abruptly, as highlighted 

by the peak observed in the velocity profiles. The contraction of the streamlines and the 

redistribution of the flow between the system branches cause this behavior. 

After the flow division region, the mean velocity decreases, and small oscillations 

appear in the velocity profiles. These features indicate hydrodynamic effects associated 

with boundary-layer separation and the formation of recirculation regions near the inner 

walls of the bifurcation. In addition, the vertical position of outlet tube 2 influences the 

intensity of these variations. When the system approaches a more symmetric configura-

tion (α  = 0.500), the velocity profiles become smoother and more uniform along the 

branches, indicating a more balanced redistribution of the flow and fewer hydrodynamic 

disturbances in the flow division region. In contrast, more asymmetric configurations in-

tensify velocity gradients and promote the development of localized separation regions. 
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Figure 13. Static pressure contours (left) and longitudinal profiles (right) for a geometry aD = 1.00 

and 𝜓 = 1.00 across different vertical positions (α). 

 

Figure 14. Static pressure contours (left) and longitudinal profiles (right) for geometries correspond-

ing to the optimized configurations identified in Table 6. 
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Figure 15. Velocity magnitude contours (left) and longitudinal profiles (right) for a geometry with 

aD = 1.0 and 𝜓 = 1.0 across different vertical positions (α). 

Regarding the geometries that present values close to the optimal condition (Table 

6), that is, those that exhibit particle percentages of 100%, 50%, and 0% at outlets 1, 2, and 

3, respectively, we observe an increase in the flow velocity inside the outlet tubes when 

the diameter ratio is aD = 0.60. This behavior occurs because flow velocity is directly re-

lated to the Reynolds number and the channel diameter; therefore, higher Reynolds num-

bers and smaller diameters lead to higher flow velocities. 

By analyzing Figure 16, we observe that the outlet velocities are approximately twice 

as high for geometries with a diameter ratio aD = 0.60. This result is associated with a 

reduction in the cross-sectional area available for flow, which increases the mean fluid 

velocity to conserve the mass flow rate within the system. Furthermore, geometric 

changes in the bifurcation regions, particularly near the junctions between the vertical and 

outlet tubes, can generate local redistributions of the velocity field. This includes the in-

duction of low-intensity recirculation regions near the walls and the temporary displace-

ment of the hydrodynamic boundary layer. Reducing the tube diameter further increases 

the velocity gradient near the walls, thereby intensifying boundary layer growth. Finally, 

these localized effects contribute to the reorganization of the flow and the emergence of 

small local asymmetries, all without compromising the overall stability of the laminar 

flow regime. Notice that, despite the presence of localized velocity redistributions and 

minor recirculation zones at the bifurcations, no significant particle deposition or perma-

nent trapping was observed in the simulations. Because the microbubbles possess an ex-

tremely low Stokes number, their inertia is negligible, ensuring they remain firmly en-

trained within the bulk fluid streamlines rather than migrating toward the walls at sharp 

turns. Furthermore, the numerical model assumes non-adherent (reflective) wall bound-

ary conditions for the discrete phase, which reflect the physical behavior of stabilized, 

lipid-shelled contrast agents that resist adhesion in smooth calibration manifolds. 
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Consequently, the microbubbles are efficiently transported through the junctions without 

accumulating in the localized dead zones. 

 

Figure 16. Velocity magnitude contours (left) and longitudinal profiles (right) for geometries corre-

sponding to the optimized configurations identified in Table 6. 

3.6. Analysis of the Influence of Inlet Tube Variation on Flow and Concentration Behavior 

To evaluate the behavior of particle concentration in the flow, the degree of freedom 

associated with the vertical position of the inlet tubes (𝛿) was analyzed. Four distinct con-

figurations were considered: approximation between the inlet tubes (𝛿 = 0.150), position-

ing them closer to outlet 2; separation between the inlet tubes (𝛿 = 0.850), bringing them 

closer to outlets 1 and 3, respectively; and two intermediate configurations in which the 

tubes maintain a constant relative distance while being vertically shifted together upward 

(𝛿 = 0.250) and downward (𝛿 = 0.750). 

Figure 17 shows the distribution of particle concentration and FPR for these configu-

rations, considering two diameter ratios (aD = 1.00 and aD = 0.60). The analysis of the 

results indicates that, for the condition in which the inlet tubes are close to each other (𝛿 = 

0.150), the concentration distribution at the outlets shows low sensitivity to variations in 

aD, with nearly overlapping behavior across the analyzed cases. In this configuration, a 

significant reduction in particle concentration is observed at outlet 2, reaching values close 

to 24%, which deviates from the ideal concentration behavior, i.e., 50% of particles at out-

let 2. On the other hand, for the condition of greater separation between the tubes (𝛿 = 

0.850), there is an increase in particle concentration at the lateral outlets, associated with 

the redistribution of streamlines and reduced interaction between the two inlet flows. In 

this case, increasing the diameter ratio slightly intensifies this trend, suggesting that ge-

ometry influences momentum dissipation and convective particle transport. For the inter-

mediate configurations (𝛿 = 0.250 and 𝛿 = 0.750), similar behavior is observed, with con-

centration profiles showing little sensitivity to variations in aD. This indicates that, under 
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these conditions, the flow exhibits a more stable mixing regime, in which the symmetric 

distribution of the inlet streams partially compensates for geometric effects. 

Regarding the FPR, increasing the distance between the inlet tubes relative to the 

central outlet (𝛿 = 0.850) yields more homogeneous outlet values, indicating a more bal-

anced phase distribution. This behavior can be explained by reduced direct interaction 

between the inlet jets, which favors a more distributed flow regime with less pronounced 

regions of high concentration. 

 

 

Figure 17. Particle concentration and Flow Partition Ratio (FPR) distributions across the three out-

lets for varying vertical positions of the inlet tubes (𝛿). The analysis compares diameter ratios aD = 

1.00 and aD = 0.60, while maintaining a constant inlet velocity ratio (𝜓 = 1.00) and a symmetric outlet 

position (α = 0.500). 

3.7. Analysis of Intermediate Concentration Levels Based on the Application of Degrees  

of Freedom 

The present study aims to determine which configuration, when degrees of freedom 

are applied, yields the concentration divider–based device a response closest to linearity 

for particle concentrations of 100%, 50%, and 0% at outlets 1, 2, and 3, respectively. How-

ever, after compiling the results, other possible applications were identified, including 

different intermediate particle concentrations. Thus, Figures 18–20 present the variation 

in particle concentration for combinations of the degrees of freedom (𝜓, α, and aD), as-

suming symmetric inlet tube positions. Furthermore, Figure 21 presents six distinct cases 

in which the relationship between particle concentration and FPR can be analyzed at in-

termediate concentrations, and these results may be applied to other purposes. 

The concentration distribution among the outlets is influenced by both the diameter 

ratio (aD) and the vertical position ratio of outlet 2 (𝛼). In general, outlet 1 shows the high-

est particle concentrations because it is more directly aligned with the particle inlet flow. 

However, when aD = 1.00 and outlet 2 is positioned closer to outlet 1 (𝛼 = 0.150), the 
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concentration at outlet 2 may exceed that of outlet 1. This occurs because the particle-laden 

flow reaches outlet 2 before outlet 1, increasing the particle concentration at this interme-

diate outlet. Conversely, for 𝛼 = 0.850, the concentration at outlet 3 becomes non-negligible 

and may even surpass that of outlet 2, due to the greater distance between outlet 2 and 

the particle inlet. 

Additionally, reducing the diameter ratio (aD = 0.80 and 0.60) enhances flow separation, 

promoting a more gradual redistribution of particles among the outlets. Under these condi-

tions, outlet 2 becomes more sensitive to variations in α, while outlet 3 maintains lower, 

though not necessarily negligible, concentrations depending on the geometric configuration. 

 

Figure 18. Particle concentration distributions across the three outlets for varying vertical positions 

(𝛼) and inlet velocity ratios (𝜓) at a constant diameter ratio of aD = 1.00. 

To analyze particle concentration and FPR behavior, Figure 21 presents six distinct 

cases with different particle distributions and corresponding FPR values at outlets 1, 2, 

and 3. For 𝛼 = 0.150, the particle concentration decreases at outlets 1 and 2, while increas-

ing at outlet 3, despite the higher fluid flow fraction directed to that outlet. This behavior 

is driven by the kinematic routing of the fluid stream surfaces rather than inertial particle 

separation. Because the contrast agent microbubbles are exceptionally small (3 µm) and 

the flow is laminar, the particles possess a very low Stokes number. Thus, particle inertia 

is negligible, and the discrete phase faithfully follows the continuous phase streamlines. 

Therefore, the mechanism affecting the concentration gradient is the shifting of the divid-

ing stream surfaces (the internal topological boundaries within the bifurcation that dictate 

which outlet a fluid parcel will enter). 
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Figure 19. Particle concentration distributions across the three outlets for varying vertical positions 

(𝛼) and inlet velocity ratios (𝜓) at a constant diameter ratio of aD = 0.80. 

 

Figure 20. Particle concentration distributions across the three outlets for varying vertical positions 

(𝛼) and inlet velocity ratios (𝜓) at a constant diameter ratio of aD = 0.60. 
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Figure 21. Comparative analysis of Particle Concentration (solid lines) and Flow Partition Ratio 

(FPR, dotted lines) across the three outlets for six selected intermediate device configurations. 

When the geometry is modified (e.g., by shifting the vertical position of outlet 2), the 

stagnation points inside the junction relocate, fundamentally altering how the specific 

fluid layer originating from inlet 1 is sliced and routed. Consequently, the concentration 

at any given outlet is a direct macroscopic reflection of how the geometry controls the 

dividing stream surfaces of the particle-laden layer. Furthermore, reducing the diameter 

ratio to aD = 0.60 promotes a more uniform flow distribution among the outlets. 

The results also show that the fluid flow partition ratio (FPR) does not directly deter-

mine the particle concentration distribution within the device. Although outlet 3 receives 

a significant portion of the continuous phase flow, the particle concentration remains pref-

erentially distributed toward outlets 1 and 2. This behavior highlights the importance of 

three-dimensional flow structures and streamline redistribution, suggesting that simpli-

fied one-dimensional hydraulic approaches may not accurately predict particle transport 

in DCE-US calibration devices. 
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4. Conclusions 

This study presented a numerical investigation of a concentration divider for cali-

brating dynamic contrast-enhanced ultrasound (DCE-US) devices using the Constructal 

Design method. By varying the geometric (aD, 𝛼, and 𝛿) and operational (𝜓) degrees of 

freedom while keeping the inlet diameter and the total device volume constant, it was 

possible to identify configurations capable of promoting a more linear and uniform parti-

cle concentration distribution at the system outlets. 

The results demonstrated that geometric symmetry plays a fundamental role in 

achieving optimal calibration conditions. Configurations in which outlet tube 2 is posi-

tioned close to the symmetry plane (𝛼 = 0.325 and 𝛼 = 0.500), combined with equal inlet 

velocities (𝜓 = 1.00), produced particle concentrations at outlet 2 close to the ideal value of 

50%. This behavior indicates that the performance of the concentration divider depends 

mainly on the geometric position of outlet tube 2 and on the flow conditions. 

In addition, the diameter ratio proved to be a relevant parameter influencing flow re-

sistance and particle distribution. Although reducing the outlet diameter (aD = 0.60) in-

creased hydraulic resistance and pressure levels due to the longer channel lengths imposed 

by the constant-volume constraint, this configuration also resulted in higher outlet flow ve-

locities. Furthermore, all optimized configurations remained within the laminar flow re-

gime, ensuring stable, predictable flow, which is essential for calibration applications. 

The FPR analysis indicated that configurations close to symmetry favor a more uni-

form distribution of mass flow rate among the device outlets. The pressure and velocity 

field analyses also showed that intermediate values of α reduce localized pressure losses 

and promote a more balanced redistribution of flow within the system. 

Overall, the application of the Constructal Design method proved an effective ap-

proach for guiding the geometric optimization of concentration dividers for the calibra-

tion of ultrasound systems. The identified configurations strike a favorable balance among 

concentration linearity, flow uniformity, and hydraulic efficiency, enabling more accurate 

and cost-effective calibration of DCE-US systems. By improving control over the distribu-

tion of contrast agent particles, the proposed approach directly contributes to increased 

diagnostic reliability and to the rational development of microfluidic devices at the inter-

face between engineering and medical imaging. 

Furthermore, it was observed that the device does not require a linear response with 

fixed concentrations at the outlets. The results also demonstrated the possibility of obtain-

ing intermediate particle concentrations, which may be explored for other applications. In 

this context, the same study, based on the Constructal Design method, can also be ex-

tended to mixing devices, since variations in geometric and operational degrees of free-

dom enable the achievement of different concentration distributions. These intermediate 

results are advantageous for applications requiring precise concentration control, thereby 

expanding the device’s versatility and potential applicability in microfluidic systems, mix-

ing processes, and other engineering and biomedical applications. 

An important finding of the present study is that the fluid flow partition ratio (FPR) 

alone is insufficient to predict particle concentration redistribution within the concentra-

tion divider. The results demonstrated that particle transport behavior is strongly influ-

enced by three-dimensional streamline organization and local bifurcation effects, leading 

to concentration distributions that do not necessarily follow the continuous-phase flow 

distribution. This observation underscores the importance of using three-dimensional 

CFD simulations coupled with the Discrete Phase Model (DPM), as simplified one-dimen-

sional hydraulic models may not adequately capture the complex phase redistribution 

mechanisms in DCE-US calibration systems. 

Based on the obtained results, the main conclusions of this study can be summarized 

in the following points: 
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• Symmetry drives optimal calibration: The geometric symmetry of the device is the 

most critical factor for achieving an adequate distribution of particle concentration. 

Positioning outlet tube 2 near the symmetry plane (𝛼 = 0.325 to 0.500), combined with 

equal inlet velocities (𝜓 = 1.00), consistently provided particle concentrations at outlet 

2 closest to the ideal 50% target. 

• Diameter ratios dictate a hydraulic tradeoff: The diameter ratio (aD) directly influ-

ences flow resistance. While reducing the outlet diameter (aD = 0.60) increased outlet 

flow velocity, it also increased hydraulic resistance and pressure losses due to the 

longer channel lengths required by the constant-volume constraint. 

• Flow distribution is highly sensitive to geometry: The Flow Partition Ratio (FPR) 

analysis demonstrated that even small geometric asymmetries significantly alter flow 

distribution. Intermediate values of α were shown to reduce localized pressure losses 

and promote a more balanced redistribution of flow within the system. 

• Laminar stability is maintained: Across all optimized configurations, the flow re-

mained within the laminar regime, ensuring the stable and predictable flow behavior 

that is essential for accurate calibration applications. 

Upcoming Studies 

Regarding future studies, we are advancing this research to expand the analysis of 

geometric degrees of freedom and investigate the effects of asymmetries introduced into 

originally symmetric structures. Planned investigations include: 

• Applying two additional degrees of freedom related to tube length ratios (Li/Lj), spe-

cifically considering: (i) variations in the length of the inlet tubes relative to the vertical 

tube, and (ii) variations in the length of the vertical tube relative to the outlet tubes. 

• Exploring further degrees of freedom related to tube diameter ratios (Di/Dj) to more com-

prehensively evaluate their influence on hydraulic performance and particle distribution. 

• Analyzing different volume fractions within the device to identify how the total vol-

ume allocation affects the calibration process and overall flow dynamics. 

• Expanding the number of branching stages in the calibration device to evaluate sys-

tem behavior, scalability, and optimization potential under more complex geometric 

configurations. 
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Abbreviations 

DCE-US Dynamic Contrast-Enhanced Ultrasound 

CFD Computational Fluid Dynamics 

DPM Discrete Phase Model 

GCI Grid Convergence Index 
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