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Goals, methodologies and tools
Goals:
•To produce a definite computational tool allowing a systematic reproduction of results for quasi-brittle and 
ductile fracture in finite strains+.
•Create a underlying framework where each physical law (Cauchy equilibrium, Maxwell’s equations, heat 
transfer, etc) is automatically used with time-tested (and published) discretization technologies.
•Allow the testing and validation of new constitutive laws, thermal coupling, electro-magnetic coupling.
•Allow an automated incorporation of technical requirements such as:
‣Plane stress condition.
‣Non-local state variables.
•Introduce and test general heuristics and solution control.
•Incorporate new technologies in shell and beam elements prone to fracture.

+We find that ductile fracture is the most complex problem that can be dealt with Newton’s method, hence the motivation

Methodologies and tools:
•Consistently linearize all equations and perform preliminary tests (isoerror maps, convergence radius, etc).
•Use Chen-Mangasarian replacement functions for complementarity conditions (elasto-plasticity, contact and 
friction, cohesive laws).
•Make extensive use of the ACEGEN add-on to Mathematica.
•Use of a in-house sparse library along with a graph database (also in-house).
•Continue to develop SIMPLAS wrapped in a C++ graph database.
•Use ALE and geometric elements.
•Avoid enrichment or “enhancement” techniques



Global perspective of our approach
All components of a discrete “engineering” system are either additive (e.g. elements or cliques) or multiplicative (e.g. 
boundary conditions or multiple-point constraints).
Components may introduce non-smoothness to the system.
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Fracture problems in finite strains
Ingredients:
•Element technology:
‣Plane stress with thickness field (Comp. Mech).
‣Plane strain and 3D with pressure unknowns (inf-sup verified) 
(CMAME and IJNME).
‣Fully finite strain exact shell (6 Dofs with physical drilling) 
(Comp. Mech).
•Geometrical element:
‣2D (Comp. Mech).
‣Shell (to be submitted).
‣3D (not yet implemented).
•Constitutive modeling:
‣Correct multiplicative plasticity with Chen-Mangasarian 
replacements (IJNME and to be submitted).
‣Multiple-surface approach for ductile damage (to be submitted).
•Solution control and multiple-point constraints.
‣Clique processor and sparse library

where ∆• indicates an infinitesimal change in •.
For the compressible neo-Hookean material with Lamé parameters µ and λ, the Kirchhoff stress and modulus

are given by:

τ = µ(FF T − I) + λ ln{det[F ]}I

c = λI ⊗ I + (µ − λ ln{det[F ]})I

where I is the identity matrix and I is the fourth-order symmetric identity tensor. The surface cohesive law,
returning σn, is given in section 2.5. Although arbitrary Lagrangian-Eulerian (ALE) techniques are often
introduced at the continuum level (e.g. [8]), this requires some level of complexity which we do not require here.
Equilibrium equations are universal can be written in any configuration, including the material.
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Figure 1: Multiple fracturing non-linear continuum: boundaries, loading and normal jump definition.

2.2 Kinematic discrete form

The standard notation is used: parent-domain coordinates θ1 and θ2 and the notation XK
i for the ithcoordinate

of local node K (as well as uK
i for the corresponding displacement). Remeshing methods make use of an

intermediate set of nodal coordinates, between the spatial xK
i and the material XK

i , which we denote here by
reference coordinates, χK

i . Using the chain-rule we can calculate the deformation gradient as:

F = fFo (7)

where Fo = ∂χ
∂X

and f = ∂x
∂χ

. The deformation gradient Fo becomes an historical variable, to be re-mapped by
an advection step (see section 3.3). Since 7 alters the Jacobian, an analogous relation for J is obtained:

J = jJo (8)
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Base technology

3.2 Tip edge insertion

In the discrete setting, the tip advance (an incremental length ∆a) corresponds exactly to a newly introduced
edge, whose origin is the previous tip and the destination is the new tip, which is a convex combination of the
opposing edge nodes (see figure 3). Below, we show how to calculate the new edge orientation.

The crack path orientation (the orientation of the new edge) in pure mode I is given by:

vPATH = v̂I sin(θc) + v̂II cos(θc) (29)

where θc, in degrees, is given by:

θc = −36.5 arctan

[

2.2 arctan

(

dII

dI

)]

(30)

This is the criterion of Ma and Sutton [23] for LEFM. Despite the simplicity of the above criterion, extremely
accurate crack paths are obtained. This contrasts with the Rankine criterion [16] since the FE displacements
are much more accurate than stresses; despite this fact, mesh quality has a very important effect in the crack
path results. Therefore, we use a global node repositioning minimization algorithm to ensure mesh quality along
the propagation process.

3.3 Element-based global minimization smoothing and advection

The mesh repositioning algorithm makes use of a least-square finite element procedure. The problem consists
of a minimization of a potential which is a function of the reference coordinates. Each smoothing-element
provides a local gradient and a Hessian matrix of its least-square contribution. The quantity to be minimized
is the following sum over the number of elements (ne) and the number of local nodes (3):

Πangle =
1

2

ne
∑

e=1

3
∑

ie=1

(

∆αe
ie

)2
(31)

where

∆αe
ie

= s arctan

(

‖aie × bie‖
|aie · bie |

)

−
π

3
(32)

with s = sign [e3 · (aie × bie )]. The vectors aie and bie depend on the nodal coordinates according to the usual
notation of modulus algebra:
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Figure 3: 2D crack advance with minimal remeshing
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Defining ur = K−1r and ue = K−1e , and sr = ds
du

ur, se = ds
du

ue we obtain:

λv =
−sr(uit) − s(λ, uit)

se(λ, uit)
(44)

uv = ur + ueλv (45)

which provides the overall solution process for the constrained equilibrium. If several cracks are present, the
constraint is applied to the one presenting the largest Keq.

4 Numerical examples

Five numerical examples are tested with the code SIMPLAS, created by the first Author and used previously in
a variety of problems. The examples show exceptional robustness for the crack path and very good agreement
with the experimental results; both LEFM (cohesionless) and cohesive cracks are analyzed and comparisons are
made with both experimental and alternative numerical results from other Authors. Combined use of multipoint
constraints and continuation methods is made to avoid crack tip retention and to control the opening.

4.1 Bittencourt’s drilled plate

To evaluate the crack path accuracy of the proposed technique, we use the example by Bittencourt et al.
[11] who studied curvilinear crack propagation both experimentally and numerically. Specimens are made
of polymethylmethacrylate (PMMA) and large deformations are present. The geometry, material properties
and boundary conditions are depicted in figure 5 for two specimens differing in the dimensions a and b. In
reference [11], the Erdogan-Sih [17] (this was found to be the most accurate) fracture criterion was used, with
stress intensity factors calculated in a variety of forms, including the domain-integral (see also [25] for a more
recent application) and quarter-point elements. In that paper, a recursive spatial decomposition method was
introduced to subdivide the mesh. Specially refined mesh was used around the holes and the Authors have tried
a wide variety of step increments, stress-intensity factor criteria and crack path criteria.

In contrast, we here run the problem without user-defined parameters, albeit a relatively fine mesh was also
adopted near the holes for perfect fit. Only specimen #1 required smaller elements (which was also a conclusion
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Figure 4: Relevant quantities involved in the ALE Godunov scheme.
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aie = χie+13
− χie3

(33)

bie = χie+23
− χie3

(34)

To monitor the mesh quality (in degrees), the measured angle error is introduced by the following formula:

εα =
27.0095

√

Πangle

ne
(35)

where convergence to degrees and nodal average were effected.
Grouping all nodal positions as generalized coordinates χv = {χ11, χ12, . . . , χnno1, χnno2}, we obtain the

corresponding internal force and stiffness of the “angle-element” set from the first and second derivatives of
Πangle:

fα =
∂Πangle

∂χv
(36)

Kα =
∂2Πangle

∂χv∂χv
(37)

The solution of fα(Xv) = 0 with ∆χino = 0 if ino ∈ Γ provides the repositioned set Xv minimizing Πangle.
The advection process follows the Godunov scheme (e.g. [32, 33, 8]) which we specify here for our triangle

mesh arrangement. Specifically, the full-donor approximation is used. Figure 4 shows the quantities participating
in the advection scheme for each element. The corrected deformation gradient F e

o , as an historical variable in
element e, is obtained after a smoothing step as:

F e
o = F e +

1

2Ae

3
∑

L=1

{

[

lLnL ·
(

∆xL3
+ ∆xL+13

− ∆χL3
− ∆χL+13

)]

+

(

F e(L) − F e
)

}

(38)

where modulus algebra was employed. The elements represented with a dashed line in figure 4 are neighborhood
elements providing F e(L).

Note that the plus function is given by (•)+ = max(0, •) and is introduced to impose the direction of
flow. The well known drawback of this approach, which is the restriction to piecewise constant fields, is of no
consequence in our work, since constant-F elements are used. The simplicity of this approach stems from the
absence of spatial derivatives, required in other methods.

3.4 Solution with linear arc-length constraint

In the determination of the load (or displacement) factor, which we denote here as λ, either the equivalent
stress intensity factor (Keq) or the stress is constrained. A discussion of the constraint is given in Moës and
Belytschko [25]. However, in that paper the Authors avoided a full consistent linearization for the constraint
equation, performed here.

If a load-parameter λ is included as an unknown, the system must be enlarged by appending a new equation
s(u) = 0:

r(λ, u) = 0 (39)

s(u) = 0 (40)

where r(λ, u) is the discrete equilibrium residual and s(u) is the crack constraint.
The solution by Newton-Raphson iteration (it is the iteration counter) results in:

[

K(λit , uit) −e(λit , uit)

−
ds(uit)

du
0

] {

uv

λv

}

=

{

r(λit , uit)
s(uit)

}

(41)

where uv = uit+1 − uit and λv = λit+1 − λit . Omitting the iteration counter it,

e(λ, u) =
∂r(λ, u)

∂λ
(42)

K(λ, u) = −
∂r(λ, u)

∂u
(43)
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Relevant quantities in Godunov schemeGeometric element
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Advection steps



Base technology - results (quasi-brittle)

The evolution of the angle error (εα) with the number of steps is shown in figure 16 for both cases (with
and without mesh repositioning). The well known crack back-turning phenomenon occurs in the latter case; the
detail in this figure shows this effect in the upper crack. The analysis was halted at this point.
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The evolution of the angle error (εα) with the number of steps is shown in figure 16 for both cases (with
and without mesh repositioning). The well known crack back-turning phenomenon occurs in the latter case; the
detail in this figure shows this effect in the upper crack. The analysis was halted at this point.
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Figure 7: Bittencourt’s drilled plate: sequence of contour plots over deformed meshes for both specimens,
GF = 1 N/mm; v is the downward displacement of the loaded point.
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Bittencourt case I

Bittencourt case II

The effect of step size in the convergence behavior is shown in figure 17 for the first 100 iterations. Quadratic
convergence is observed despite some error growth in early iterations for ∆CMSD = 2 × 10−3 mm.

4.4 Simultaneous propagation of 10 cracks under normal and shear strain

In this problem we analyze a square, plane-strain, plate containing 10 cracks. It is a variation of the test by G.
Zi et al. [38] who performed a fatigue cycle counting with the same geometry and crack arrangement. The tests
involve multiple crack growth and coalescence including intersections with the outer boundary. The problem
data and the crack positioning are shown in figure 18. As can be observed, two meshes are used for comparison.
Essential boundary conditions are slightly different than what was reported in [38], since only limited crack
extension was obtained by those Authors. Additionally, two load cases are inspected here.

Deformed mesh sequences (using the finer mesh) for cases A and B can be seen in figures 19 and 20,
respectively. The homogenized Kirchhoff stress versus the Hencky strain are depicted in figure 21. It can be
observed that, despite the large difference in mesh density (the ratio of hc, with hc being the characteristic
element size, is around 1.66), a close reproduction of results is obtained. This also indicates that the growth is
immune to spurious crack shielding.

All cracks can grow simultaneously until their length fails to satisfy the critical stress intensity factor criterion.
The reader can also verify that, even taking in consideration the different analysis type, our methodology leads
to more realistic behavior than the one shown in [38].
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Figure 8: Bittencourt’s drilled plate: specimen #1 load-vertical displacement and load-CMOD results for the
loaded point for four values of GF .
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4.5 Nooru’s mixed-mode panel

A double-edge notched specimen is subject to mixed-mode inducing loads. This experiment was proposed and
studied by Nooru–Mohamed [27]; the 200×200×50 mm specimen has two 25×5 mm horizontal notches located
at half-height as shown in figure 22. Two L-shaped steel frames are glued to the specimen and the loading is
applied at the top steel frame. One of the experimental load paths is numerically simulated: first, a horizontal
force Ph is progressively applied until the value Pmax is reached. Then, the force is kept constant and a vertical
displacement v is gradually applied (see 22). The material parameters are also taken from [27].

Two unstructured meshes are tested: a coarse mesh with 2326 triangular elements and a fine mesh with 5278
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Figure 9: Bittencourt’s drilled plate: specimen #2 load-vertical displacement and load-CMOD results for the
loaded point for four values of GF .
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Figure 10: Schlangen’s SEN test: geometry, boundary conditions and material properties.
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Figure 15: Load-displacement results, compared with the results of Bocca et al. [12] and the cracking particle
method of Rabczuk and Belytschko [30] (for the case b = 200 mm) with their 68000 particle analysis.
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Many literature problems solved with success
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Figure 19: Multiple crack test: sequence of deformed meshes illustrating growth, coalescence and intersection
of cracks for the fine mesh (see figure 18) for the load case A. Principal stress τ1 grayscale contour plots are also
shown. In detail, we can observe the formation of a particle by simultaneous crack growth.
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Also with simultaneous crack growth However... much tougher than quasi-brittle is ductile fracture

Finite strain plasticity as we see it

problem is still not tackled consistently for this case. We first enumerate our requirements to clarify the options:

• Use of isotropic hyperelastic law: Tt ≡ Tt(B) where B is the elastic left Cauchy-Green tensor and Tt is

the Kirchhoff stress measure (see [8], 142 for the isotropy limitation).

• Unique framework for visco-elasticity, visco-plasticity and elasto-plasticity with no restrictions in the form

either of the flow law or the yield function

• Use of any kinematic hardening model (including multi-surface models) as additional equations to the

system

• Element-independence: specific properties of the elements, such as mixed or hybrid techniques should not

be used to simplify the constitutive calculations

For moderate elastic strains (often the case for metals), simplified methods are often used, such as the “rotated

configuration” by Areias and Belytschko [3]. With the previous work [2], topics covered are:

• Quantified evaluation of absence of locking and spurious modes in the nearly-incompressible regime

• Integration of the constitutive ODE and incompressibility preservation

• Objectivity and monotonicity of the back-stress treatment

• Smoothing the loading/unloading condition or use of a non-smooth solver

The first two themes were treated in our previous work. In essence, the behavior of an element with constraints

introduced by the material it represents is indicated by the inspection of the inf-sup value (IS) with mesh

refinement. We evaluated this behavior [2] and it confirms, for the specific conditions shown here, that stability

and convergence are satisfied. The constitutive ODE integration makes use of an exponential integrator which

preserves incompressibility and is second-order accurate. Some implementation aspects were discussed in the

previous work.

2 Constitutive model

2.1 Introduction to multiple-surface finite strain plasticity with elastic isotropy

The deformation map of a continuous medium is characterized by its derivative, the deformation gradient F .

For an isotropic hyperelastic material it is known that the Kirchhoff stress can be determined from the elastic1

left Cauchy-Green tensor, be, as [8] and [5], p. 162:

τ = 2
dψb

dbe
be = 2be

dψb

dbe
(1)

where ψb is a function of be whose image is the value of the strain energy density2. This form of calculating the

Kirchhoff stress from the kinematics is specially convenient for computations because Voigt notation can be used

(τ and be are symmetric) with considerable savings. Using (1), the derivative of τ with respect to F is obtained

by the chain rule3:

1In the elasticity context, be is simply denoted b.
2Strain energy per unit undeformed volume
3to avoid symbol duplication, we use the same symbols for function names and their image

3

dτ

dF
=

∂τ

∂be
:
dbe
dF

(2)

with the last term being given, in elasticity, by its components as:

[db]ij
[dF ]mn

= δim [F ]jl + δjm [F ]in (3)

with i, j,m, n ∈ Isd. The index-set Isd contains natural numbers up to the number of space dimensions (sd) of
the model under consideration. The left-hand-side of 3 is a third-order tensor with minor-symmetry in the first
and second indices. The classical spatial modulus4, which is also called the Truesdell modulus is obtained as:

[C ]ijkl =
[dτ ]ij
[dF ]kn

[F ]ln − [τ ]il δjk − [τ ]jl δik (4)

This form of C can be derived from [41], first part of eq. (45.17), p. 133 after performing the following three
operations:

1. Replacing the Cauchy stress by the Kirchhoff stress (an equation analogous to [41] (45.17) is obtained but
without the term tr[d] which vanishes with the replacement).

2. The time-derivative of the Kirchhoff stress (replacing the left-hand-side of [41] (45.17)) is calculated using
the chain rule:

[τ̇ ]ij =
[dτ ]ij
[dF ]kn

�
Ḟ
�

kn
(5)

3. The property (l = Ḟ F−1) is employed in the previous result, which then becomes (4).

The Kirchhoff stress is not classically written in terms of be, but rather in terms of invariants or principal
stretches (see, e.g. [16]) but to suit our purposes, we write the relevant expressions in terms of be. The
numerical usefulness of (3) is apparent for finite strain plasticity, since the derivative with respect to an elastic
left-Cauchy-Green tensor be will then have to be related to C to be used in what is now the classical finite-strain
weak form of equilibrium ([38, 37, 39]) for finite element applications. Note that, given a specific form of ψb,
any isotropic elastic law can be inserted in (1), its derivative calculated and both τ and C are completely
defined. Additional kinematical-like internal variables v are also used in the list of ingredients to represent
work-harderning phenomena. If normality is assumed, which implies convexity of the yield surface, the general
constitutive laws for elastic isotropy can be written as:

4This is adopted in many finite strain applications due to the sparsity of the initial stress matrix, cf. [41]
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ψ̇b =
dψb

dbe
: ḃe =

1

2
(τb−1

e ) : ḃe =
1

2
τ : (ḃeb

−1
e ) =

1

2
(b−1

e τ ) : ḃe =
1

2
τ : (b−1

e ḃe) (15)

Having

�
be defined, as above, as the time-derivative of be maintaning F constant, we can write the plastic

strain rate as:

dp = −1

4

�
beb

−1
e − 1

4
b−1
e

�
be (16)

A more general (not restricted to elastic isotropy) of (16) for dp was used recently by Areias and Rabczuk [1]

and follows similar derivations by Nemat-Nasser
6
in [28]. This particular form (16) has not, to the authors’

knowledge, been used in the literature. The Voigt form of (16) allows the isolation of

�
be7:

4dpV = −A
�
beV (17)

where A is a matrix formed the components of b−1
e . In 3D (with 6 strain components), matrix A is calculated as:

A =





2b−1
e11 0 0 2b−1

e12 2b−1
e13 0

0 2b−1
e22 0 2b−1

e12 0 2b−1
e23

0 0 2b−1
e33 0 2b−1

e13 2b−1
e23

b−1
e12 b−1

e12 0 b−1
e11 + b−1

e22 b−1
e23 b−1

e13

b−1
e13 0 b−1

e13 b−1
e23 b−1

e11 + b−1
e33 b−1

e12

0 b−1
e23 b−1

e23 b−1
e13 b−1

e12 b−1
e22 + b−1

e33




(18)

with b−1
eij being the i row, j column of b−1

e . Note that A is i) sparse and ii) only 6 distinct values are present.

This facilitates the task of Acegen (cf. [22]) to generate very efficient code for A−1
without the full cost of a

dense 6× 6 inverse. In addition, inequalities (6-8) are equivalent to:

µγ̇i − �µγ̇i + φi� = 0 (19)

where µ > 0 is here a viscosity constant, used for dimensional consistency only
8
. Macaulay brackets �•� ≡

max(0, •) are used to replace the inequalities. In summary, the relevant constitutive equations are:

�
beV = −4

ns�

i=1

γ̇iA
−1ni (20)

v̇ = −
ns�

i=1

γ̇iϕi (21)

τ = 2
dψb

dbe
be (22)

µγ̇i − �µγ̇i + φi� = 0 (23)

6Not implemented in practice
7The subscript V is adopted when using Voigt notation
8Note that this is not a viscous regularization nor introduces rate-dependence in the problem. Equation (19) is exact.
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The relations (29) are replaced by the smooth ramp function of Chen and Mangasarian [10]. Consequences of
this replacement were discussed by Areias and Rabczuk [1] and the figure 1 shows the effect of this replacement
in the satisfaction of the complementarity condition.

One can observe that, the classical effective plastic strain εp is not typically included in [∇φ�]vij . The reason
for this is that εpn+1 can be related to the remaining iterative quantities. Using the backward-Euler method,
εpn+1 reads10

εpn+1 = εpn +

�
2

3
�n∆γ�v (44)

where � • �v is the Voigt norm of a tensor • or the Frobenius norm of the corresponding matrix. Of course, we
The variation of (44) can be written in the following format:

dεpn+1 =

�
2

3

d�n∆γ�v
d [n∆γ]n

�
∂ [n]np
∂ [τ ]l

∂ [τ ]l
∂ [be]k

[∆γ]p d [be]k + [n]np [d∆γ]p

�
(45)

This relation is rarely shown (we couldn’t find it in the literature) and, of course it is crucial to ensure the
quadratic rate of convergence. Equation (44) is generally used despite being more appropriate for the von-Mises
yield surface. For general yield criteria, we consider two cases: a multi-surface yield criterion with a single
hardening variable εp or each surface equipped with hardening variables εip with i = 1, . . . , ns. Equivalence of
plastic dissipation provides the rationale for determining the effective plastic strain:

σeqi ε̇
i
p = γ̇iσ : ni, i = 1, . . . , ns (46)

In the first case, an approach would consist in summing each term i = 1, . . . , ns in (46):

εpn+1 = εpn +
ns�

i=1

∆γi
ni : σ

σeqi

(47)

In the second case, each surface possesses its own hardening variable εip with i = 1, . . . , ns:

εipn+1
= εipn

+∆γi
ni : σ

σeqi

(48)

For both cases, the variation of εipn+1
is required for the use of Newton’s method of solution:

dεipn+1
=

ni : τ

σeqi

d∆γi +

�
∆γi
σeqi

�
τ :

dni

dτ
+ ni

�
− ni : τ

σeq

�
:
∂τ

∂be
: dbe (49)

For independent yield criteria, clearly (47) would be preferably employed. However, for classical multi-surface
yield criteria, (48) would be more appropriate. The reader can observe that our present approach departs from
classical FeFp “principal directions” algorithmia [26] but also from extensions to small-strain classical derivations
(see, e.g. [26], [18]). No return-mapping is necessary and all yield criteria can be included without modifications
to the framework.

9Note that An is constant, which significantly simplifies the calculations.
10This form follows directly from the general expression in [25] and but can be altered for specific yield criteria
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What the books do not describe 

Any hyperelastic law along with any plasticity model.

Table 1: Tested yield criteria

Yield criterion Number of yield

surfaces

Equivalent stresses

von-Mises 1 σeq1
=

�
I21 − 3I2

Tresca 6 σeqk
= �τi − �τj , i �= j

Ductile damage 2 σeq1 =

√
I2
1−3I2−fc1I1

1−f

σeq2=

√
I2
1−3I2
1−f

I1 = trτ , I2 =
1
2

�
(trτ )2 − trτ 2

�
, I3 = det τ

Table 2: Tested hyperelastic strain energy densities

Hyperelastic law Kirchhoff Stress

Neo-Hookean (quasi-

incompressible)

τ = µ (det be)
− 1

3
�
be − 1

3 tr [be] I
�
+ κ

√
det be

�√
det be − 1

�
I

Mooney-Rivlin τ =

We also verify the accuracy of the incompressibility condition and the thickness variation error. In summary, the

following quantities are inspected:

ERRτ =
�τ − τ100�2
�τ100�2

(64)

ERRdetC−1
p

=
det be − (detF )

2

(detF )
2 (65)

ERRthickness =
h− h100

h100
(66)

where the subscript 100 indicates that 100 steps were adopted to estimate the exact solution. It is worth noting

that, although being the focus of many papers in the last century, incompressibility is approximately satisfied,

with error values similar to those of stress and thickness. The quasi-incompressible Neo-Hookean model is

adopted for the elastic behavior. Although neither the yield function nor the incompressibility condition are

exactly satisfied
12
, corners in the so-called non-smooth yield surfaces[40] are exactly represented, as figure 2

shows. Comparatively, the two von-Mises return-mapping algorithms of Simo (with [35, 36] and, in principal

directions, [37]) are also shown (figure 3) with larger values of errors of stress and determinant of C−1
p .

In addition, an assessment of the

4 Formulation of the coupled equilibrium / constitutive problem

5 Numerical examples

12Without smoothing of the complementarity condition, ERRτ can also be significant
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ψ̇b =
dψb

dbe
: ḃe =

1

2
(τb−1

e ) : ḃe =
1

2
τ : (ḃeb

−1
e ) =

1

2
(b−1

e τ ) : ḃe =
1

2
τ : (b−1

e ḃe) (15)

Having

�
be defined, as above, as the time-derivative of be maintaning F constant, we can write the plastic

strain rate as:

dp = −1

4

�
beb

−1
e − 1

4
b−1
e

�
be (16)

A more general (not restricted to elastic isotropy) of (16) for dp was used recently by Areias and Rabczuk [1]

and follows similar derivations by Nemat-Nasser
6
in [28]. This particular form (16) has not, to the authors’

knowledge, been used in the literature. The Voigt form of (16) allows the isolation of

�
be7:

4dpV = −A
�
beV (17)

where A is a matrix formed the components of b−1
e . In 3D (with 6 strain components), matrix A is calculated as:

A =





2b−1
e11 0 0 2b−1

e12 2b−1
e13 0

0 2b−1
e22 0 2b−1

e12 0 2b−1
e23

0 0 2b−1
e33 0 2b−1

e13 2b−1
e23

b−1
e12 b−1

e12 0 b−1
e11 + b−1

e22 b−1
e23 b−1

e13

b−1
e13 0 b−1

e13 b−1
e23 b−1

e11 + b−1
e33 b−1

e12

0 b−1
e23 b−1

e23 b−1
e13 b−1

e12 b−1
e22 + b−1

e33




(18)

with b−1
eij being the i row, j column of b−1

e . Note that A is i) sparse and ii) only 6 distinct values are present.

This facilitates the task of Acegen (cf. [22]) to generate very efficient code for A−1
without the full cost of a

dense 6× 6 inverse. In addition, inequalities (6-8) are equivalent to:

µγ̇i − �µγ̇i + φi� = 0 (19)

where µ > 0 is here a viscosity constant, used for dimensional consistency only
8
. Macaulay brackets �•� ≡

max(0, •) are used to replace the inequalities. In summary, the relevant constitutive equations are:

�
beV = −4

ns�

i=1

γ̇iA
−1ni (20)

v̇ = −
ns�

i=1

γ̇iϕi (21)

τ = 2
dψb

dbe
be (22)

µγ̇i − �µγ̇i + φi� = 0 (23)

6Not implemented in practice
7The subscript V is adopted when using Voigt notation
8Note that this is not a viscous regularization nor introduces rate-dependence in the problem. Equation (19) is exact.
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No requirement for active set strategies, and no “return-mapping” and much better accuracy 
than classical methods, including Simo’s...
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Figure 2: Iso-error maps and representation of two classical yield criteria (current implementation).
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Figure 3: Iso-error maps of two classical finite-strain plasticity models: Simo 1988 [35, 36] (�) and Simo 1992
[37] (��) models.
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Multiple-point constraints (control, ALE repositioning, ...)

where Ke
i is the ith element stiffness matrix, fe

k is the kth
element force and cjg

��
j is obtained from the jth constraint

gradient and Hessian. The superscript e indicates a element quantity. The matrices T� and the vector b� must be

fully formed (this will be detailed in the next section) before the multiplications by T� in (12) are performed. The

actual implementation of (12) separates terms (14) and (15) since the degree-of-freedom destinations of g��
do not

coincide with those of K. From the graph structure perspective, −fT cg��
are also cliques, since the result connects

retained degrees-of-freedom which are mutually visible. Recalling that our matrices are sparse, equation (12) can be

written as:

T T
�

�
ne�

i=1

Ke
i

�
T� + T T

�




−
m�

j=1




�

ne�

k=1

fe
k

�T �
cjg

��
j

�







T�dar = (16)

−T T
�

�
ne�

j=1

fe
j

�
− T

T

�

�
ne�

l=1

Ke
j

�
b� (17)

The format of equation (16) discloses a useful property: edges of the graph structure of K� are completely defined

by each Ke
i and the transformation matrix T�. The term containing the constraints’ Hessian g��

will produce edges

of the same graph, since it is also pre-and-post multiplied by T�. The two cliques (Ke
i and −fT cig

��
i ) participate

additively in formation of the global stiffness matrix K�. As in the case of finite elements and

In terms of condition number of the reduced stiffness matrix, it can be shown that

cond(K�) ≤ cond(K − fT cg��
) cond(T TT + I)
� �� �

κT

(18)

An application of (18) relies on the selection of degrees-of-freedom to eliminate (i.e. the selection of set Is) for

g(a) = 0. This could be, in theory, performed automatically. However, in most engineering applications this is

preferably left to the analyst since there are other factors to consider. For example, let us consider the classical

3-parameter director representation with two distinct parametrizations:

• Exponential form with the axis-angle, θ.

• The parametrization with Rodrigues parameters, x (using the Cayley formula),

Let d represent a director in the deformed configuration and d0 the corresponding director in the undeformed

configuration. Using either of the parametrizations, it is straightforward to show that dθ = Rθ(θ)d0 and dx = Rx(x)d0

are, respectively
7
:

dθ = d0 +
sin �θ�
�θ� θ × d0 + 2

sin
2 �θ�

2

�θ�2 θ × (θ × d0) (19)

dx =





−1 +
2(1+x2

1)

1+x2
1+x2

2+x2
3

2(x1x2−x3)
1+x2

1+x2
2+x2

3

2(x1x3+x2)
1+x2

1+x2
2+x2

3
2(x1x2+x3)
1+x2

1+x2
2+x2

3
−1 +

2(1+x2
2)

1+x2
1+x2

2+x2
3

2(x2x3−x1)
1+x2

1+x2
2+x2

3
2(x1x3−x2)
1+x2

1+x2
2+x2

3

2(x2x3+x1)
1+x2

1+x2
2+x2

3
−1 +

2(1+x2
3)

1+x2
1+x2

2+x2
3




d0 (20)

Using ar as θ and as as d0 for the exponential form, we can represent κT graphically to assess the two

parametrizations, as figure 2 illustrates. The reason we mention the need for analyst input is that, although

the exponential form appears favorable from the inspection of κT , formula (19) it has a
0
0 indetermination

at the origin, which is of cumbersome computational treatment. In addition, the calculation of the first

and second derivatives for the Cayley formula is straightforward.

At this point, the reader can observe that a set of independent constraints established as g = 0 with the variable

reduction method can be replaced by m equations applied regardless of the dependence. The interconnected case is

therefore also the general case.

7x = tan
�

�θ�
2

�
θ

�θ�
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Very hard to implement efficiently - a combination of clique and sparse data structures
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Figure 5: Assembling times as a function of number of stiffness matrix coefficients. Machine: Apple MacBook Pro
2.66 GHz Intel Core i7, 8 Gb RAM. Compiler and options : gfortran (GCC 4.5.0) with -O3 option.
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Mixed elements

Changes in Ω0t occur whenever a crack advances. The problem is restarted by updating Ω0t: Ω0tn+1 succeeds Ω0tn

whenever the configuration changes. Equation (1) is well-posed whenever the ellipticity indicator e(u), detailed below, is

positive. Thickness variation is caused by the condition τc33 = 0. The Newton method is used to obtain that condition.

After convergence, we can calculate the tangent modulus as:

C =
∂τc
∂ε

−
�
∂τc33
∂ε33

�−1 ∂τc
∂ε33

⊗ ∂τc33
∂ε

(2)

where τc contains three non-null stress components (since τc13 = τc23 = 0). The precise definition of the strain ε in (2)

will be given by equation (16). The strong ellipticity condition (25) uses this modulus C instead of the classical
∂τc
∂ε . For

the plane strain case, the second term in the right hand-side of (2) is identically zero.

2.2 Plane strain with a general mixed element

Convergent low-order plane strain and 3D elements for incompressible and quasi-incompressible constitutive laws are

often based on mixed pressure-displacement interpolations. The weak formulation of equilibrium must be adapted so

that this interpolation follows naturally (e.g. [18]). For the interpolation we choose the MINI element [17, 21] which

is sound from the theoretical standpoint. No equivalent grounds were presented for enhanced strain [22] and other

related techniques. In this paper we extend the MINI element for finite strains which is, to the knowledge of the authors,

completely new. The constitutive pressure is a function of J and therefore of u. This can be either undefined (in the

case of pure incompressibility) or have a preponderant slope resulting in over-constrained kinematics (see, e.g. [21]), it

is substituted in the equilibrium term by an independent field p. This field is tied to the constitutive law by a (weak)

equation. We introduce the deviatoric projection P = I − 1
3I ⊗ I, with I being the symmetric fourth order identity
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Complementarity smoothed and the compact tension test

0.0 0.2 0.4 0.6 0.8 1.0

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

Graph of γ̇ − S(γ̇ + φ) = 0

φ

γ̇

S(•) = • + (1/αe) ln(1 + e−α•)

αe = ln(2)/Error

Error=0.1

Error=0.01

Error=0.05

Figure 1: Replacement of cγ̇− < cγ̇ + φ > by cγ̇ − S(cγ̇ + φ) as a function of a Error parameter (c = 1).

[29]. Consequences of this replacement were discussed at length by Areias and Rabczuk [7] and the figure 1 shows the

effect of this replacement in the satisfaction of the complementarity condition. A value of Error=0.01 is adopted.

The encapsulated small-strain problem will result in a stress tensor which we identify as the small strain stress, and

the small consistent modulus, which is identified as S . It is written as the derivative of τR with respect to ε:

S =
∂τR
∂ε

(23)

and this modulus is rotated to give:

[SR]ijkl = [Rω]im [Rω]jn [Rω]kp [Rω]lq [S ]mnpq . (24)

The use of a consistent modulus requires not only the transformation of S but also the stress. By using Mathematica

[30] and the definition of Jaumann rate [20], it is straightforward to show that:

[C ]ijkl = [SR]ijkl −
1

2

�
[I]ik [τc]jl + [I]il [τc]jk + [I]jl [τc]ik + [I]jk [τc]il

�

Although this expression follows from direct manipulation of the upper-Oldroyd and of the Jaumann rates, it could
not be found it in the literature. Additionally, the strong ellipticity condition (cf. [26], first part of eq. (45.14), after

substitution by the spatial modulus in their equation (45.6)) is stated as:

e > 0 (25)

where e is defined as:

e = inf
n1:�n1�2=1

inf
n2:�n2�2=1

n1in1kn2jn2l

�
[C ]ijkl + [I]ik [τ ]jl

�
(26)

Since the term n2jn2l

�
[C ]ijkl + [I]ik [τ ]jl

�
is traditionally called the acoustic tensor and its components are denoted

[Q]ik, we can write e as follows:

e = inf
n1:�n1�2=1

inf
n2:�n2�2=1

n1in1k [Q]ik (27)

4
Since, for most metals, elastic strains are necessarily small when compared with the plastic strains, Hooke’s law is used.
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Figure 18: The compact tension specimen ASTM E399, a/W = 0.5 and plate thickness of 0.25 in (dimensions in inches)
as reported by Xue and Wierzbicki [15]. A sequence of three steps showing the crack evolution in plane stress is also
depicted. Extrusion was performed with the thickness field to produce 3D images.
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depicted. Extrusion was performed with the thickness field to produce 3D images.
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Shells
A new triangle with exact corotational kinematics for FeFp plasticity

where RE is a rotation matrix derived from the deformed corner nodal positions xi and RF is a rotation matrix
obtained by polar decomposition of a local BR two-dimensional deformation gradient F !. The columns of the
rotation matrix RE are the basis vectors of frame BE (see Figure 2):

RE = [e′1|e
′
2|e

′
3] (18)

so that x′
sX = RT

ExsX . The basis vectors e′i, i = 1, 2, 3 are obtained by the following relations (analogous
relations are used in the determination of R0 but using the undeformed corner nodal positions Xi):

e′1 = (x2 − x1) /‖x2 − x1‖ (19)

e′2 = e′3 × e′1 (20)

e′3 = (x2 − x1)× (x3 − x1) / ‖(x2 − x1)× (x3 − x1)‖ (21)
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e3 = e′

3

uC

e2

e1

e′

1

1

3

0
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E1 ≡ e′

1

R0
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E3

2
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E2

E2
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RR = RERF

Estimate (RT
E(T ))

Deformed (RT
R(T ))

e′

2

e2

Undeformed (RT
0 (T ))

E2 ≡ e′

2

Rotated

Figure 2: Corotational notation for a triangle. Note that the frames are provided by the orthogonal matrices
RE = [e′1|e

′
2|e

′
3], R0 = [E1|E2|E3] and RR = [e1|e2|e3]. In the lower part of the Figure, we overlap the

configurations by imposing Ei ≡ e′i so that relative stretches and rotations can be observed.

Since the choice of e′i (and therefore RE) is arbitrary and the calculation of RR is not, RF will depend
on this choice. If three configurations are drawn with coincident frames (see Figure 2) we obtain the rotation
matrix RF as an extension of a 2× 2 rotation matrix obtained by polar decomposition of the local deformation
gradient:

RF =

[
R! 0
0 1

]
(22)

R! = F !
(
F !T

F !
)− 1

2

(23)
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Nue1(ς) = 1− 3ς2 + 2ς3

Nθe1(ς) = ς − 2ς2 + ς3

Nue2(ς) = 3ς2 − 2ς3

Nθe2(ς) = −ς2 + ς3

Nve1(ς) = 1− ς

Nve2(ς) = ς (80)

with ζ ∈ [0, 1]. Figure 3 clarifies this notation. Each edge in (a, b, c) has local nodes 1 and 2.
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ũc

σ

t̃c
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Figure 3: Notation for the edge interpolation of the membrane part. Edge a is detailed.

Writing the equilibrium equations for a single element with constant stress and strain, we have:

Aσ : δε =

ˆ

la

t̃a · δũadla +

ˆ

lb

t̃b · δũbdlb +

ˆ

lc

t̃c · δũcdlc (81)

using the edge transformation matrix:

Te =

[
ŷe x̂e

−x̂e ŷe

]
, e = a, b, c (82)

we obtain:

B0
m =

1

2A




yb 0 α

6 (ya − yc)yb
0 −xb

α
6 (xa − xc)xb

−xb yb
α
3 (xaya − xcyc)

∣∣∣∣∣∣
· · ·



 (83)

This process lumps the edges stresses to balanced nodal forces, which guarantees stress equilibrium among
adjacent elements for constant stress states, for any assumed displacement field. For the OPT element, the
parameter α was calculated to be 3/2.

3.2.2 Higher order stress part

The high order part is calculated using a linear variation of the natural strains (strains aligned along median
directions):

B1
m = A

√
β0Tn [ξ1Q1 + ξ2Q2 + (1 − ξ1 − ξ2)Q3]Tu (84)
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Frames

Drilling freedoms
• Universality of the formulation: elasticity, elasto-plasticity, fracture.

The examples were run in the code created by the first Author [4]. Elasto-plasticity integration follows the
recent algorithm by Areias and Rabczuk [6].

5.1 Verification tests

With the purpose of verifying the exactness of our formulation, let us first consider the two element setting
shown in Figure 4. Although the edge e identified in that Figure rotates due to stretching, the rotation angle

γ = arctan(
RR11

RR21

) (93)

must remain zero for v2 != 0. A comparison between the edge frame, Battini’s [11] frame and our own is
represented in Figure 4.
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Figure 4: Two-element pure deformation test

Although we confirm the result of Battini, who states that the corotational frame is independent of node
numbering, it can be observed that his approach may produce spurious rotations. In contrast, our approach is
exact. This is, to our knowledge, a new result.

Another important test is the patch-test. We here use a 10-element mesh to perform a membrane and
bending patch test, as depicted in Figure 5. Three load cases are employed (membrane forces in case I and
bending moments in cases II and III) for the small strain test and membrane forces are tested in finite strains.
The element passes the test with constant stresses in each layer (two layers are employed).
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Figure 5: Small strain and finite strain patch test: 10 irregular elements are used.

For finite strains, we make use of the block indentation problem, recently re-tested by Wisniewski and Turska
[37] to inspect the effect of three mesh arrangements in the results and also the smoothness of the von-Mises

14

• Universality of the formulation: elasticity, elasto-plasticity, fracture.

The examples were run in the code created by the first Author [4]. Elasto-plasticity integration follows the
recent algorithm by Areias and Rabczuk [6].

5.1 Verification tests

With the purpose of verifying the exactness of our formulation, let us first consider the two element setting
shown in Figure 4. Although the edge e identified in that Figure rotates due to stretching, the rotation angle

γ = arctan(
RR11

RR21

) (93)

must remain zero for v2 != 0. A comparison between the edge frame, Battini’s [11] frame and our own is
represented in Figure 4.

1

γ1

γ2

v2 = 3ε v2 = 3ε

3

Element 1: 2,4,1

Element 2: 2,3,4

Our frame is exact (γ1 = γ2 = 0)

2

3

e

Connectivities:

1

2

1

4

Imposed strain

Edge frame, γ2
Battini frame, γ1
Battini frame, γ2

Our frame, γ1
Our frame, γ2

−5.00× 10−2

−1.00× 10−1

−1.50× 10−1

−2.50× 10−1

−2.00× 10−1

1.00× 10−1

5.00× 10−2

0.00× 100

0 0.5 1 1.5 2 2.5 3

γ
,
ra
d

Edge frame, γ1

Figure 4: Two-element pure deformation test

Although we confirm the result of Battini, who states that the corotational frame is independent of node
numbering, it can be observed that his approach may produce spurious rotations. In contrast, our approach is
exact. This is, to our knowledge, a new result.

Another important test is the patch-test. We here use a 10-element mesh to perform a membrane and
bending patch test, as depicted in Figure 5. Three load cases are employed (membrane forces in case I and
bending moments in cases II and III) for the small strain test and membrane forces are tested in finite strains.
The element passes the test with constant stresses in each layer (two layers are employed).

Y

XZ

Y
Z

X

5

6

7

8

1

2

3

4

20 (I)

20 (I)

20 (III)

20 (III)

20 (III)

20 (III)

10 (II)

10 (II)

10 (II)

10 (II)

40

20E=106

ν=0.3
H = 2

Small strain patch test Finite strain patch test

Figure 5: Small strain and finite strain patch test: 10 irregular elements are used.

For finite strains, we make use of the block indentation problem, recently re-tested by Wisniewski and Turska
[37] to inspect the effect of three mesh arrangements in the results and also the smoothness of the von-Mises

14

Patch and invariance tests
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Figure 7: Pinched hemisphere (linear elastic test): geometry, boundary conditions, material properties and
convergence of the displacement under the point-loads

5.5 Channel section beam

The channel section cantilever beam by Eberlein and Wriggers [19] is reproduced here. Recently, Klinkel,
Gruttmann and Wagner [28] tested this problem with a hybrid quadrilateral, although to a lower deformation
than in the original paper. Relevant data is shown in Figure 11 where deformed and undeformed meshes are
shown for a sequence of steps. We subdivide each quadrilateral element in [28] with four triangles. The load-
deflection results are shown in Figure 12 and compared with reference [28]. Reasonable agreement with [28] can
be observed.

5.6 Nonlinear smooth problems

The first smooth plate is the ring test first proposed by Başar and Ding [9] to test formulations for finite
rotations in shells. The relevant geometry, boundary conditions and elastic properties are depicted in Figure 13.
We extend the ring up to 28 consistent units. Figure 13 depicts this extension. A comparison with the results
by Sansour et al. [33] is also shown in Figure 14. We can observe that with our method we attain a higher
value of ring extension and slightly softer results. Between the present element and a combination of DKT and
Allman’s element, no differences were noted, in contrast with what was observed in the linear tests.

A simply-supported square plate with initial dimensions 508 × 508 × 2.54 (consistent units) is loaded by
a uniform, motion-dependent pressure. In this test, both compressible neo-Hookean and perfect elasto-plastic
cases are considered. Material properties are: E = 69× 104, ν = 0.3 and σy = 248. The inplane motion at the
supports is left free. The neo-Hookean case uses zero drilling rotations at the supports (see Figure 15). Results
are shown for both cases in Figures 15, 16 and 17. This problem tests the bending behavior at the earlier
stages of deformation and then membrane behavior in the latter stages (see reference [19] for a description).
During deformation, the plate corners fold and strong thickness variation occurs. A comparison with results
from reference [19] is shown in Figure 17 with excellent agreement. We are, however, able to reach much higher
deformations.

We now consider the cylinder shell with diaphragms. This test was first considered by Simo and Kennedy
[34] with slightly different dimensions. The present form of the test is currently in use by many authors. It
consists of a cylinder shell with the hardening law σy = 24.3 + 300εp (consistent units) subject to two inward
diametrically opposing radial loads. Elasticity modulus and Poisson coefficient are E = 3000 and ν = 0.3,
respectively. The total length of the cylinder is 600 for a radius of 300 consistent units. The initial shell
thickness is H = 3 consistent units. Due to symmetry, only one-eighth of the cylinder needs to be modeled.
Free edges have diaphragms (only rotations and longitudinal displacement are allowed). Displacement control
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Benchmark results
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Figure 8: Twisted beam (linear elastic test): geometry, boundary conditions, material properties and conver-
gence of the displacement for two load cases (see also [35])

is used: a total displacement of 300 consistent units is applied and the reactions monitored. This displacement
corresponds to the total radius and is substantially more than what is usually published (see what was achieved
by alternative approaches in [19, 36]). The reason for this is the presence of a slight load decrease for a pinching
displacement of around 140 which decreases the convergence radius of Newton’s method. Since this problem
involves large displacements and large plastic strains, as well as strong thickness gradients near the pinched
point, it is a very demanding test. Large strain warping and severe relative rotations occur between elements,
as can be observed in Figure 18. For comparison, reported load-deflection results by Wagner, Klinkel and
Gruttmann [36] are shown in Figure 19. Note that these Authors reported results only up to 250 consistent
units. The same 16 × 16 subdivided mesh as in [36] is used here for results comparison, but a finer, 32 × 32
subdivision mesh is required to obtain a smooth distribution of thickness and effective plastic strain. The latter
is used solely for purposes of graphical representation in Figure 18. The load-deflection results are shown in
Figure 19: results are slightly softer than reference [28].

5.7 Ductile fracture of a simply-supported plate

The fracture process of a simply-supported (all displacement components prescribed) square (2 × 2 consistent
units) plate under pressure is tested in the following example. A single mesh containing 1396 elements is used.
We use a simplistic prototype ductile fracture model with the sole purpose of showing the capabilities of our
formulation (a further detailed model can be consulted in [8]). The effective plastic strain is used as an indicator
for crack propagation, when the effective plastic strain overcomes the ultimate strain, εp > εu, cracks grow. Two
values of εu are tested (εu = 0.1 and εu = 1.0) with the corresponding sequences of deformed meshes being
shown in Figure 20. The recently developed ALE method by Areias et al. [5] was adapted for a curved surface
and maintains excellent mesh quality, as a careful inspection reveals. A variant of a ductile fracture model (cf.
[8]) is employed. For good visualization of the 3D director motion, an extrusion along the directors was used.
Perfect kinematics and very stable crack paths can be observed.

17

B: x = 4.77× 10−1
A: x = 9.8× 10−2

C: x = 9.55× 10−1

Asymmetric arrangement is adopted

CBA

x

2
×
10

−
2
m

1× 10−2 m

h=1.5× 10−3 m

σy = 150(1 + εp) MPa
ν = 0.33
E = 70.65× 109 N/m2

L = 0.954

Depth gage positions:

Mesh: 4× 8× 400 elements

Experimental results, point B
Present element, point B

0

5

10

15

20

25

30

35

0 0.05 0.1 0.15 0.2

L
oa
d
,
N

Displacement, m

Experimental results, point C
Present element, point C
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Much larger deformations than what was reported previously in the literature
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And plate fracture
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However, for shells the strategy must be updated due to:
•Non-coplanarity of nodes
•Unknown shape of may surfaces

Ill-shaped elements naturally occur when the crack advances:

Y

Z X

Ill-shaped elements



Our solution to shell fracture
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Conclusions
• We have alternative approaches to model fracture in a large variety of situations which is based on simple ideas carefully 

implemented and tested. No enrichment or enhancement approaches are adopted.

• Return mapping techniques are avoided for elasto-plasticity integration.

• Our shell element has been the best we tested in 14 years of research.

• A simple Godunov-based ALE approach results very effective in all tests we performed so far.

• The geometrical elements ensure the mesh has a good quality, regardless of the number of cracks.

• For fully 3D problems with multiple cracks our tests indicate that a FULL remeshing may be less error prone than tip remeshing.

• With software like ACEGEN, the developer can concentrate on ideas instead of lengthy calculations
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