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1. INTRODUCTION

In this paper we analyse the strong convergence of a generalized method of alter-
nating resolvents in Hilbert spaces, introduced by Boikanyo and Morosanu.

Let H be a Hilbert space and A and B be two maximal monotone operators.
Motivated by the convex feasibility problem and the alternating projections method
[0, [10], the method of alternating resolvents is recursively defined as follows: xog € H
and

Tont1 = Jf (T2n)

Tonto = J (T2nt1)
where (8,,), (4n) are sequences of positive real numbers. This method was shown to
converge weakly to a common zero of the operators, first in [3] for the case when (5,,)
and (u,) are constant and equal, and later in [6] for the general case (also including

error terms). In order to obtain strong convergence, the method of alternating re-
solvents was generalized by Boikanyo and Moroganu in [8] in the following way. For

61



62 BRUNO DINIS AND PEDRO PINTO

n € N we define

{$2n+1 = J?n (anu+ (1 — ap)z2n +ep) (MAR)

Tan4+2 = B ()\nu + (1 - )\n)x2n+1 + 6;1)

fin
where u,zg € H are given, (o), (M) C (0,1), (Bn), (tn) C (0,+00), and (e,) and
(e],) are sequences of errors. We denote by (MAR*)) the exact counterpart of the
algorithm (MAR)), i.e. without error terms, which is defined by
_JA
Yont+2 = J;Ln ()‘nu + (1 - )‘n)y2n+1)

where yg = xg.
Motivated by the success of the Halpern iterations in fixed point theory [1I7], the
Halpern-type prozimal point algorithm (HPPA)

Tot1 = apu+ (1 — ay)Js, (x5) (HPPA)

was considered as a way to upgrade the weak convergence of the proximal point
algorithm to strong convergence (see e.g. [5l, I8, [35]). The generalized method of
alternating resolvents can be seen as form of Halpern-type proximal point algorithm
generalized to two operators in an alternating fashion (cf. Section [3.3]— see also [25]).

Boikanyo and Morogano showed in [§] that is strongly convergent under the
following mild assumptions.

(C1) ima, =0

(Cs) either 07 ja,, =00 0r D o Ay = 0

(C4) (Bn) is bounded away from zero and such that lim (1 - %) =0
(C5) (pn) is bounded away from zero and such that lim (1 - %) =0

Theorem 1.1 ([8, Theorem 3.2]). Let A: D(A) C H — 2% and B: D(B) C H — 2%
be mazimal monotone operators such that S := A=1(0) NB~1(0) # 0. For zg,u € H,
let (z,,) be generated by (MAR). Assume that (C1) — (Cs) hold. If Y 0" llen]l < oo
or Y o lleh]l < oo, then (x,,) converges strongly to the projection point u onto S.

The same authors revisited this result, eliminating the conditions (Cy4) and (Cs), in
a follow up paper [7, Theorem 8]. This improvement results from a different strategy
in the proof: it now relies on a discussion by cases depending on whether a certain
auxiliary sequence is strictly increasing or not, and on a result due to Maing [28]. The
original results allow for several alternative conditions on the error terms. However,
the proofs focus first on the exact iteration and consider the convergence with error
terms only afterwards. In this regard, our analyses follow the same strategy. The
particular condition on the error terms is not central in our analyses, nevertheless we
comment on the other possibilities in Remark

Boikanyo and Morosano’s results are convergence statements for a certain sequence
(2,,). For the purpose of a quantitative analysis it is better to look at the equivalent
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property of being a Cauchy sequence, i.e.
.. 1
Vk e NdnVi,j >n ||zi—xj||§k7+1 .

In general it is not possible to obtain computable information on the value of n (see
e.g. [30] for details on this matter). Instead one turns to the equivalent finitary version
of the Cauchy property, which has been called metastability [33] [34], i.e.

Vk € NVf:N = N3nVi,j € [n,n+ f(n)] <||xi -z < k-lu) . (L)

For the statement (|1.1)), we obtain a highly uniform computable rate of metastability,
i.e. a computable functional p : N x N¥ — N such that

Wk € NVf: N Nan < u(k, £)¥i, j € [n,n+ f(n)] (Hxi oyl < kL) (2

Note that a computable rate for does not entail computable information for
the equivalent Cauchy property. Indeed, since the argument is by contradiction, this
equivalence is non-effective and thus one cannot construct a bound for the Cauchy
property from a rate of metastability. Nevertheless, results on metastability increase
one’s knowledge on the behaviour of the iteration and may allow for a deeper un-
derstanding of these types of algorithms. This idea has played a significant role in
several recent results, see for example [11 [16, 23, [33].

The methods used in this paper are set in the framework of proof mining [19, [20],
a program that describes the process of using proof-theoretical techniques to analyse
mathematical proofs with the aim of extracting new information. That being said,
our results and proofs do not presuppose any particular knowledge of logical tools
because the latter are only used as an intermediate step and are not visible in the
final product.

Apart from obtaining effective quantitative information and similarly to [13, 1T
12] [31], applying a technique developed in [I4], our results are established without
the sequential weak compactness arguments required in the original proofs and only
rely on a weak form of projection. This fact is reflected in the complexity of the
bounds obtained, which are primitive recursive (in the sense of Kleene). For other
proof mining results on the convergence of algorithms based on the proximal point
algorithm see e.g. [21], 22], 26] 27].

The structure of the paper is the following. In Section [2] we recall the relevant
terminology as well as some well-known results from the theory of monotone opera-
tors in Hilbert spaces. We also present some lemmas necessary for our analysis. In
Section [3| we obtain an effective metastability bound on the algorithm un-
der appropriate quantitative versions of conditions (C7) — (C5). We also establish a
connection between and a generalization of for two operators. In
Section |4] a rate of metastability for is obtained without the conditions (Cy)
and (Cs). Section [f|extends the results from Sections 3| and [ to the iteration (MAR].
Some final remarks are left to the last section.
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2. PRELIMINARIES

2.1. Monotone Operators and resolvent functions. Throughout we let H be a
real Hilbert space with inner product (-, ) and norm ||-||.

Definition 2.1. A mapping T : H — H is called nonexpansive if
Va,y € H(|T(z) =Tl < [z —yl),

and firmly nonexpansive if
Va,y € H <||T(96) —T()|* < |z —yl* = | (1d = T)(=) — (1d - T)(y)IIQ) :

Note that any firmly nonexpansive mapping is also nonexpansive. If T' is nonex-
pansive, then the set of its fixed points {x € H : T(z) = z} is a closed and convex
subset of H. We recall that an operator A : H — 29 is said to be monotone if
and only if whenever (z,y) and (z',y’) are elements of the graph of A, it holds that
(x—2',y—y') > 0. A monotone operator A is said to be mazimal monotone if the
graph of A is not properly contained in the graph of any other monotone operator
on H. For every positive real number v, we use J,ﬁ‘ to denote the single-valued re-
solvent function of A defined by Jf; = (I +~A)~!. The resolvent functions are firmly
nonexpansive and their fixed points coincide with the zeros of the operator.

The following lemmas are well-known.

Lemma 2.2 (Resolvent identity). For a,b > 0, the following identity holds for every

reH
JNx) = I (Za: + (1 - Z) Jg‘(x)> .

Lemma 2.3 ([29]). If0 < a <b, then ||JMz) — z|| < 2||JiM2) — «|

, forallxz € H.

Lemma 2.4 ([15]). A mapping T is firmly nonexpansive if and only if the mapping
2T — Id is nonexpansive.

For a comprehensive introduction to convex analysis and the theory of monotone
operators in Hilbert spaces we refer to [2].

We fix A, B maximal monotone operators on H and assume henceforth the set
S :=A"1(0)NB71(0) of the common zeros of A and B to be nonempty.

2.2. Quantitative notions. Consider the strong majorizability relation <* from [4]
for functions f,g: N —= N

9<" f:=Vn,meN (m<n—(g(m) < f(n)Af(m) < f(n)).
If f <* f we say that f is monotone. This corresponds to saying that f is a non-
decreasing function. Universal quantifications over monotone functions are denoted
Vf(...). A functional ¢ : N x NN — N is monotone if for all m,n € N and all
f,9:N—=N|
(m<nAg <" f) = (p(m,g) < en, f)).

Functions depending on several variables (ranging over N or NV), and taking values
in N, are said to be monotone if they are monotone in all the variables. By the
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theoretical results underlying the extractions in this paper we always obtain bounds
given by monotone functions.
Definition 2.5. Let (a,) be a sequence of real numbers.

(i) A rate of convergence for a,, — 0 is a function v : N — N such that

1
> < — ).
Vk € NVn > ~(k) <an < k+1>

(ii) A quasi-rate of convergence for a, — 0 is a functional I' : N x N¥ — N such

that
Vk € NYf:N— N3n <T(k, f)¥m € [n, f(n)] (lam| < k}rl) :

(#it) A rate for limsupa, < 0 is a function v : N — N such that

1
> < — .
Vk € NVn > (k) (an_ k+1)

(iv) A rate of divergence for Y a, = oo is a function v : N — N such that

v(k)+n
VEneN( > ai>k
=0

(v) A Cauchy rate for ) a, < oo is a function v : N — N such that

v(k)+n

1
k 1‘<7
Vk,n €N | E a_k+1
i=y(k)+1

Definition 2.6. Let (x,) be a sequence in H and xz € H.

(1) A rate of convergence for x, — x is a rate of convergence for ||z, — x| — 0.
(i1) A quasi-rate of convergence for x, — x is a quasi-rate of convergence for
|xn — x| — 0.
(7i1) A Cauchy rate for (z,) is a function v : N — N such that

. 1
Vk € NVi,j > ~v(k) (a:i —zj| < k—|—1> .
(iv) A rate of metastability is a functional I' : N x NN — N such that

Wk € NVf: N Nan < T(k, f)Vi, j € [n, f(n)] <||x,» oyl < kil) .

Definition 2.7. Let (z,) be a sequence in H and consider mappings 7,7’ : H — H.

(i) The sequence (z,) is asymptotically reqular w..t. T if |T(z,) —z,| — O.
A (quasi-)rate of asymptotic regularity for (x,) w.r.t. T is a (quasi-)rate of
convergence for ||T(zy) — z,|| — 0.

(1) A (quasi-)rate of asymptotic reqularity for (x,,) w.r.t. T and T' is a (quasi-)rate
of convergence for max{||T(x,) — x|, |T'(zn) — zn||} — 0.
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Remark 2.8. (i) The definition of quasi-rate of asymptotic regularity w.r.t. 7" and
T’ entails that

Vk e NVf:N— N3n <T'(k, f)Vm € [n, f(n)]

1 1
— < — / — < — .
<|T(xm) Tyl < k1 AT (2m) — zm| < k—|—1>

(#) For the sake of simplicity we use the interval [n, f(n)] when talking about
metastability, instead of the usual notion . One can recover the usual
form by considering the function n — n + f(n).

(i4i) Whenever we write Vf (...) we restrict our arguments to monotone functions
in NN, There is no loss in generality in doing so, as for any function f : N — N
the monotone function ™ defined by f™%(n) := max{f(i) : i < n} satisfies
f <* fmai_ In this way, we avoid constantly having to switch from f to f™®, and
simplify the notation. For example, one may assume that a rate of convergence
is monotone.

Notation 2.9. (1) Given M € N and f : N — N, we denote by g5 the func-

tion defined by g¢(m) := f(2m + 1) and by f[M] the function defined by
fIM])(m) := f(max{m, M}).

(2) Consider a function ¢ on tuples of variables Z, §. If we wish to consider the
variables Z as parameters we write ¢[Z](7). For simplicity of notation we may
then even omit the parameters and simply write ¢(%).

The next result concerns the conjunction of two rates of metastability in an abstract
way.

Proposition 2.10. Let X be a set, A(k,m,x) and B(k,m,zx) be formulas with pa-
rameters k,m,x, and ¢1, ¢ be monotone functions satisfying

(i) Vk € NVf € N¥3n < ¢1(k, f) 3z € XVm € [n, f(n)] A(k,m, z)

(i) Vk € NVf € NN 3In < ¢o(k, f) Iz € X Vm € [n, f(n)] B(k,m, ).
Then

Vk € NYf e NY3n < B(k, f) Ia, 2’ € X Vm € [n, f(n)] (A(k,m,z) A B(k,m,z')),

where ®(k, f) := ®[p1, ¢a](k, f) := max{0, o (k, f[0])}, with

F(m) = fle2(k, flm])](m)
9 = (bl(k, f)

Proof. Let k € N and monotone f : N — N be given. By (i) applied to k and 1,
there exist n1 < ¢1(k, f) and x; € X such that Vm € [nq, f(n1)] A(k,m,21). By
(73) applied to k and f[ni], there exist no < ¢a(k, f[n1]) and z2 € X satisfying

Ym € [na, f[n1](n2)]B(k,m,x2). We will now check that n := max{n;,ny} satisfies
the desired conclusion. Observe that since ¢, is monotone, n < ®(k, f). By the
definition of n and the monotonicity of the functions f and ¢o, we have

[n, f()] € [na, f(max{ny, ga(k, f[na])})] = [n1, f(n1)] and

[, f(n)] € [ng, f(n)] = [ng, flna](n2)]
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and the result follows. O

Remark 2.11. The fact that one could change the order of (¢) and (ii) in Proposi-
tion|2.10|entails that a better bound is the minimum of those two possibilities. Indeed,
one can take

(g1, ¢a2](k, f) := min{®[¢1, d2](k, f), ®[¢2. d1](k, f)}-

We finish this subsection with a general result that allows for discussions by cases
in a even/odd distinction.

Proposition 2.12. Let X be a set, A(k,m,z) be a formula with parameters k, m, x,
and ¥ be a monotone function satisfying for every k € N and monotone function
fN—=N

In <Yk, f)3z € XVm € [n, f(n)] (A(k,2m,z) A A(k,2m + 1,x)) .
Then

Vk e NYf e N— N3n < U(k, f) 3z € XVm € [n, f(n)] A(k,m, z),
where U (k, f) := W|(k, f) == 2¢(k, gf) + 1.

Proof. Let k € N and monotone f : N — N be given. By the assumption there exist
no < Y(k,gy) and zg € X such that

Vm € [no, gr(no)] (A(k,2m,zo) A A(k,2m + 1, z¢)) . (2.1)
By taking n := 2ng + 1, the result follows from (2.1]) considering for m € [n, f(n)] the
cases m = 2m’ and m = 2m’ + 1, since in both cases m’ € [ng, g(no)]. O

2.3. Quantitative lemmas. In this section we present some useful technical lemmas.
The following result is due to Boikanyo and Morosano, and generalizes a result by Xu
[35, Lemma 2.5].

Lemma 2.13 ([8, Lemma 2.4]). Let (s,) be a sequence of nonnegative real numbers
satisfying

Sp41 S (]- - an)(]- - An)sn + anbn + >\ncn + dn»
where the sequences (o), (A\n) C (0,1), (by),(cn) C R, and (d,) C R{ are such
that: (i) Y. an = oo (or equivalently [[(1 — a,) = 0); (4) limsupb, < 0; (4i7)
limsupc, <0; and (iv) > d, < co. Then lims, = 0.

Adapting [26, Proposition 3.4] and [31, Lemma 14] we obtain Lemmas and
below which are quantitative versions of Lemma, [2.13

Lemma 2.14. Let (s;,) be a bounded sequence of nonnegative real numbers and M € N
be a positive upper bound on (s,). Consider sequences of real numbers (au,), (An) C
[0,1], (by),(cn) C R and (d,) C Rf. Assume that Y o, = oo (or Y.\, = o),
with rate of divergence A, limsupb, < 0 and limsupc, < 0, with rates B and C
respectively, and > d, < oo with Cauchy rate D. Assume that, for allm € N

Smt1 < (1= am)(1 = M) Sm + ambm + AmCm + dp.

Then s, — 0 with rate p1(k) := p1[A,B,C,D, M|(k) := A (n + [In(4M(k + 1))]) + 1,
where 1 := max{B(4k + 3),C(4k + 3),D(4k + 3) + 1}.
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Lemma 2.15. Let (s,) be a bounded sequence of real numbers and M € N a pos-
itive upper bound on (s,). Consider sequences of real numbers (ay), (An) C [0,1],
(vn), (bn), (¢n) C R and assume the existence of a monotone function A which is a
rate of divergence for > o, = 0o (or Y. A, = o). For natural numbers k,n and p
assume

Ym € [n,p) (vm < ;/\bm < #/\Cmg 1),
4(k+1)(p+1) 4(k+1) 4(k+1)
and
Vm €N (sme1 < (1 — am)(1 = An)(8m + Um) + @mbm + Amem) -
Then

vm € [o1(k,n),p] (sm < k:~1¢—1) ;
with o1(k,n) := o1[A, M](k,n) := A(n+ [In(4M(k +1))]) + 1.

Consider the condition

Vm e N (ﬁ(l—aﬁzO). (2.2)

i=m
One can equivalently work with this condition (2.2]) instead of the condition > ay, =
00. As such, it makes sense to also consider a quantitative hypothesis corresponding
to ([2.2):
A’ :N x N — N is a monotone function satisfying
Al(m,k) 1

i=m

(2.3)

implying that for each m € N, A’(m,-) is a rate of convergence towards zero for
the sequence ([];_, (1 —a;)),. By saying that A’ is monotone we mean that it is
monotone in both variables,

VEk, K m,m’ €N (k<K Am<m' — A'(m, k) <A'(m'|K)).

For some sequences (ay,), switching between these two conditions may prove to
be useful since a rate of divergence for (> a;,) may have different complexity than

a function satisfying 1} An easy example of this is the sequence (n%rl) which

has linear rates of convergence towards zero for (H?:m(l — H%l)) , but only an
n L "
=0 7+1 )

Next we state versions of Lemmas and with a function A’ satisfying
condition — see [24] Lemma 2.4], [26], Proposition 3.5], and [31, Lemma 16].

exponential rate of divergence for (Z

Lemma 2.16. Let (s,,) be a bounded sequence of nonnegative real numbers and M € N
be a positive upper bound on (s,). Consider sequences of real numbers (o), (An) C
[0,1], (bn), (cn) C R and (d,) C RS . Assume that [[(1—a,) =0 (or [[(1—M\,) =0),
with A’ a function satisfying the condition , limsupb, <0 and limsupc, <0,
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with rates B and C respectively, and > d,, < oo with Cauchy rate D. Assume that,
for allm e N

Smt1 < (L= am)(1 — M) Sm + ambm + Amcm + di.

Then s, — 0 with rate p2(k) := p2[A’,B,C,D, M(k) := A’ (n,4AM (k + 1) — 1)+n+1,
where 1 := max{B(4k + 3), C(4k + 3),D(4k + 3) + 1}.

Lemma 2.17. Let (s,) be a bounded sequence of real numbers and M € N a pos-
itive upper bound on (s,). Consider sequences of real numbers (ay,), (A,) C [0,1],
(vn), (bn), (cn) C R and assume the existence of a monotone function A’ : Nx N — N
satisfying condition . For natural numbers k,n and p assume

Ym € [n,p) (vm < ;/\bm < #/\Cmg 1),
4k+1)(p+1) 4(k+1) 4(k+1)
and
VYm €N (smt1 < (1 —am)(1 = An)(Sm + Um) + ambm + Amcm) -
Then

1
Vm € [o2(k,n),p] (sm < k—&—l) ,
with oa(k,n) := oo[A’, M|(k,n) := A’ (n,dM(k+1)— 1)+ 1.

The next result is due to Suzuki. A (partial) quantitative version of Lemma [2.1§]
was obtained in [II] through an arithmetization of a certain lim sup.

Lemma 2.18. ([32] Lemma 2.2 ]) Let (z,,) and (wy,) be bounded sequences in a Banach
space X and let (o) be a sequence in [0,1] with 0 < liminf o, < limsupa, < 1.
Suppose that z,+1 = ap,w, + (1 — o)z, for all n € N, and lim sup(||wp+1 — wa|| —
l2n+1 — 2znll) < 0. Then lim ||w,, — z,|| = 0.

Lemma 2.19. Let (z,), (w,) be sequences in a normed space X and N € N be such
that ||zn|l, lwnl| < N, for alln € N. Let (a,) C [0,1] be a sequence of real numbers
and a € N\ {0} be such that Vn > a (% <o, <1-— %) . Suppose that for allm € N
Zn+1 = apwy + (1 — ay)z, and that there exists a monotone function v : N — N such
that

1
Vk € NVn > v(k) <||wn+1 — Wy || = |2n+1 — 2nll < k:—|—1> . (2.4)

Then x 1is a quasi-rate of convergence for |[wy, — zm|| — 0, where x = x|a,v, N]|, is

the monotone function X from [I1l, Lemma 4.9].

The next two results give a quantitative strengthening of the fact that if b € A(a)
and x is a zero of A, then (a —z,b) > 0.

Lemma 2.20. Let A be a monotone operator and A > 0 be a real number. For
a,b,r € H and k € N we have

Nx)—a
beAla) = (a—z,b) > — ||J§‘(m)—x” (W—f— b||> .
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Proof. By the definition of the resolvent function z € J3(z) + AA(J{(z)). Then

w € A(JY(z)), with w = %(x — J{()). Hence, using the monotonicity of A,

(a—,b) = (a=JR(@),b) + (JR(2) = 2,0) > (a— J{(2),w) + (J{(z) —2,b)
> —[|J2(x) — al| [lwll = [[JX () — || Ib]

J
= — [|78() H(”* “”+||b||). 0

As a direct consequence of Lemma [2.20| we obtain following lemma.

Lemma 2.21. Let A be a monotone operator and A > 0 be a real number. For
a,b,x € H and k € N we have

b>2_i

(beA YA [ @) .

—af < A —{a—=z
T 2M(k+1)
where M € N\ {0} is such that M > max{||J§ () — al|, A [[b]|}.

Notation 2.22. For ¢ € S and N € N, we denote by By the closed ball centred at
q with radius N, i.e. By := {z € H : ||z — ¢q|| < N}. In the following, a point ¢ is
always made clear from the context.

The following lemma is an easy adaptation of [31 Proposition 7].

Lemma 2.23. Let A : D(A) ¢ H — 2% and B: D(B) ¢ H — 2H be mazimal
monotone operators on a Hilbert space H. Assume that S = A"t0)N ( ) # 0
and consider the resolvent functions J* := (Id+£A)~" and J® = (Id+ % B) , where
R e N\ {0}. Takeu € H and N € N\ {0} a natuml number satisfying N > 2||u —q||
for some point ¢ € S. For any k € N and monotone function f : N — N, there are
n < ((k, f) and x € By such that

174 () — 2 < ATE () = 2l <

- L
fn)+1 fln)+1

and for all y € By

(19400 =91l < g AP0 =9l < 7 ) = (umy =)

1
< )
T k+1

with C(k, f) = C[N](k, f) = 24N(w;EJ\),(O) +1)2, where E = E[N, k] := 4AN*(k + 1)?
and wy n := max{f(24N(m + 1)?), 24N (m + 1)?}.

As usual, the first step to prove strong convergence is to show that the sequence
given by the algorithm is bounded. An easy induction argument gives upper bounds

on a sequence (y,) generated by (MAR*)).

Lemma 2.24. Let N € N be such that N > max{||u — q|, ||zo — ql|, |lq||}, for some
g € S. Then |y, —q|| < N, for all n € N. In particular, (y,) is bounded with
llyn]l < 2N, for alln € N.
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3. METASTABILITY FOR (MAR*))

In the following we assume that A : D(A) C H — 2H and B: D(B) ¢ H — 2 are
maximal monotone operators such that S := A=1(0) N B~1(0) # 0. For arbitrary but
fixed vectors xg,u € H, we will denote by (z,) a sequence generated by and by
(yn) the corresponding “error-free” sequence generated by (with yo = zg). We
assume that there exist R € N\ {0} and monotone functions a,¢, A,rg,r,,t : N - N
such that

We write JA := Jﬁ,l and JB := Jg,l.

In Subsection[3.I we obtain an effective partial metastability bound on the iteration
(IMAR*)) (cf. Corollary below). This metastability property is partial in the sense
that it is obtained under the conditions (Q3) — (Qs) together with:

(Q,) 7 is a monotone quasi-rate of asymptotic regularity for (y,) w.r.t. JA and J®
(Qy) 1’ is a monotone quasi-rate of convergence for ||yn+1 — yn|| = 0.

Subsection shows that it is possible to satisfy conditions (Q,) and (Q,),
and indeed obtain an effective metastability bound, under the assumptions

(Q1), (Q2),(Q4), (Qs) and (Q7) — cf. Remarks [3.6]and

3.1. Conditional metastability. The next quantitative lemma replaces the original
sequential weak compactness argument.

Lemma 3.1. Let N € N\ {0} be such that N > max{2||u —q||, ||xo — ¢l|, l|¢||} for
some point ¢ € S. For any k € N and monotone function f : N — N, there are
n < Q,(k, f) and x € By such that

174 (2) — 2 < - AR @) — 2] <

1 _t
f(n)+ fln)+1

and

1

Vm € [n, f(n)] ((u—x,ym—x> < M)

where O (k, ) := Q[N)(k, f) = n(C(k, ), f), with ¢ = ¢[N] as in Lemma([2.25 and
f(m) = f(n(m, f)).

Proof. By Lemma [2.23] there exist ng < ((k, f) and # € By such that

1A @) — 2]l € = A IB(@) — ] € ———
f(no) +1 f(no) +1
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)—)(u—x,y—x>§1.

and for all y € By
AT (y) —yll <

JAy) —y| <
(80 - vl < —

By (Qy), there exists n < n(ng, f) such that

k+1

Ym € [n, f(n)] (HJA(ym) —ymH < A HJB(ym) _ym|| < n01+ 1) ’

n0+1

Since f is monotone we have f(ng) > f(n). The result then follows from the fact that
(yn) C Bn. O

Next we show the main result of this section, which allows to obtain a rate of
metastability for (yy,).

Theorem 3.2. For zg,u € H, let (y,) be generated by (MAR¥)). Consider N € N\{0}
such that N > max{2||lu—ql|, ||lxo — ql|,|lql|} for some point ¢ € S. Assume the
condition (Qy) and let Q,, be as in Lemma[3.1 Assume that there exist R € N\ {0}
and monotone functions A,t : N — N satisfying conditions (Q3) — (Qs). For allk € N
and monotone function f : N — N

In < p(k, f) 3z € By Vm € [n, f(n)]

1 1 1
x| < —— AT —z|| € —— A|JB(2) — 2| < ——
<|y2m z|| < 1 [J7(z) — z|| < 1 [ J°(z) — x| < k+1>’

where [i(k, f) := fi[n, N, R, A, t](k, f) = o1 (k, Q, (K, 29 + 2)), with o1 := o1[A,4N?]
as in Lemma[2.13 and

g(n) := 64N R(k + 1)%(p(n) + 1)t(p(n)) — 1

K =16(k+1)> -1

p(n) == f(o1(k,n))

k:=(k+1)%-1.

Proof. We may assume that for all m < p(k, f) it holds that f(m) > m, otherwise
the result is trivial. By Lemma [3.1] there exist ng < Q,(k’,2g + 2) and & € By such
that

1 1
JNE) - 7| € ———= A|JBE) - 2| £ — 3.1
1J7(2) ||_g(no)Jrl 1°(2) H_g(no)+1 (3.1)
and
1
2 2 - -y < — 2
VYm € [ng,2p + ]((u Tyym — ) < 16(1@—1—1)2)’ (3.2)
with p := p(ng). From (3.2) we derive that for all m € [ng, p]
1
- m —I)< ———— d _Na m —I)< —— 5. .
(u— 2, y2m+1 x>_16(k;+1)2 and (u—Z,Yam2 — T) 16(k + 1) (3.3)

For all m € N, by the definition of y,,+2 we have

m

mmmwaiLQMu—@+u—AM@MH—@wwmma—@y
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We have that

- 191
max{HJB(x) — Yom2|| 7 HM (Amu + (L = Am)Y2m+1 — Y2m+2) } < 2N.
Hence, by Lemma and (3.1))
_ 1 - - -
(Yom+2 — T, T(Am(u —2) + (1 = An)(W2m+1 — &) — (Y2mi2 — 7))

1
= T T6(k+ 1)2(p + D)

Hence

2 [lyom+2 — Z)* < 2(1 = M) (Y2mt2 — &, Y2msr — F)
fom
(k+1)2(p+ 1)t(p)

~12 ~112
< (1= ) (Jlyzmsz = 3 + lyamsr — 317)

[im
(k+1)2(p+ 1)t(p)’

+2)\m<y2m+gff,U7i'>+ 3

+ 22X (Yomy2 —Fu— ) + S
which implies that

y2m+2 — Z)* < (1= Am) ly2msr — 2% + 22 Yomsn — T, u — &)
fm (3.4)
(k+1)2(p+ 1)t(p)

+ 8
Similarly,
Iy2mr1 — Z° < (1= am) [y2m — E|° + 20 Yoms1 — &,u — &)

Bm (3.5)

TS 2+ i)

Combining (3.4) and (3.5) we derive
[y2m-2 — &[> < (1= am)(1 = An)(ly2m — Z1? + vm) + Cmbm + Amem,  (3.6)

where

T8k + 1)2(p + Di(p)
B - - o, + /Bm n
b = 2 <<y2m+1 Tu—1)+ 16(k 4+ 1)%(p+ 1)t(p)>’ and

P
k+1)2(p+ 1)t(p)

m = 2 m 7~a -z
c <<y2 +2 =T, u x>+16(

For m € [ng, p], we have

U, < 4(p) < !
"6k +1)2(p+ Dt(p) ~ 4k +1)%(p+1)
and
. . t(p) 1
Cm < 2 <<y2m“ B T 1)2t(p)> SN TEESIEN
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Notice that o1 (%, ng) < iu(k, f), using the monotonicity of o1. By the assumption on
f, p > o1(k,ng) > 1 which entails, for m € [ng, p]

2t(p) 1
i + 1)%@)) S k)2

bm§2<(y2m+1—§:,u—5:>+32

By Lemma we conclude that for m € [o1(k,no), f(o1(k, no))]

lyom — F <
™m - = 9
d2 (k+1)2

and the result follows with n := oy (k, no) and z = Z. O

Corollary 3.3. Under the conditions of Theorem and (Q,), we have that for all
k € N and monotone function f : N —- N

< k)i € o £00) (I =l < 7).

where p(k, f) = W[®[¢1,a]](k, ), with U as in Proposition ® as in Re-
mark 1k, f) == n'(4k + 3,2f) and Ya(k, f) := p(dk + 3, f) for @ is as in
Theorem [3.2.

Proof. From (Q,y) we obtain

N 1
Vk € NVf:N— N3n < (k, f)¥m € [n, f(n)] (|y2m+1 — Yom|| < 4(k+1)> ,

and by Theorem

- 1
Vk e NVf: N — N3n <k, f) Iz € By Vm € [n, f(n)] (||y2m —z|| < 4(/@’—1—1)) .
By Remark for all k € N and monotone f : N — N there exist n < ®[¢)1, 12](k, f)
and x € By such that

A llyam — || <

Ym € [n, f(n)] <|Iy2m+1 — Yom|| < 4(kl+ 1)> )

1
4k + 1)
For m € [n, f(n)],

ly2ma1 — 2l < [lyame1 — vom|| + ly2m — [ < Wt 1)

Hence, by Proposition there exists n < p(k, f) such that for 4, j € [n, f(n)]

1 N 11
E+1)  2k+1)  k+1

which entails the result. U

i = will < llys =@l +lly; = =ll < 5
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3.2. Asymptotic regularity and metastability. We now show that under the
assumptions (Q1), (Q2), (Q4), (Qs) and (Q7) it is possible to satisfy the conditions
(Qn) and (Q,y). This implies that the results of the previous subsection hold under
the conditions (Q1) — (Q7).

Lemma 3.4. Let N € N be such that N > max{|lu —ql|,||lzo — 4|, |lql|}, for some
g € S. Assume that there exist monotone functions a,f,rg,r,, : N = N satisfying

conditions (Q1), (Q2), (Qs) and (Q7). Then

(1) |ly2n+1 — Yan—1]| = 0 with monotone quasi-rate of convergence

770(7477 f) = X[47 v, 3N](ka f)
(7) ||y2n+2 — yanl| = 0 with monotone quasi-rate of convergence

(b, f) = max{ne(2k + 1, FIN.)), Ny }
where x is the monotone function from Lemma([2.19 and

v(k) == max{a(38N(k+1)—1),0(22N(k+1) - 1)+ 1,rg(11IN(k + 1) — 1),

ru(16N(k+1) — 1) + 1},
Ny == max{¢((16N(k+1)—-1)+1,r,(16N(k+1) —1)+1}.

Proof. By the resolvent identity we have, for some R € N\ {0}
1 1
Yonsa = J° <R,Um (Anu+ (1= An)yant1) + (1 - RHn) y2n+2> . (3.7)

By Lemma [2.24} we have that ||u — y,|| < 2N and ||yn+1 — ynl| < 2N, for all n € N.
Then, using the fact that JB is nonexpansive we derive

1
oz =l < | e O (= M) + (1= 5 ) e

Ry
*;(An—lu + (1 - /\n—l)an—l) - (1 - ! ) y2n) ‘
Rpin—1 Rpin—1
An An—1 1-A,
= ’(R,un - R,un1> u + R (Y2n+1 — Y2n—1)

. D VR ey v
Y2n—1 R,LLn R/’Ln— L

1 1
1- w2 — (1 n
* ( Rﬂ'n) Yan+2 < RM?L—l) b2

An A 1=,
= H( = > (U*yzn—l)Jrﬁ(an-H — Yon—1)

Ry, ; Rpip—1 n
1 1 1
+ (R,Un - Rﬂnl) (y2n—1 - an) + <1 - R,U/n> (y2n+2 - an)
<1y I+ (1)1 ||
= "Ru, Yon+1 — Y2n—1 Ryin Yan+2 — Y2n
An A 1 1
+2N<’ - ! ‘ - ).
Ru, Rpupn_1 Ry, Run—
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Hence,

lyan+2 — Yonll < (1 — An) l|Y2n+1 — Y2n—1]]

+2N (An F A1+ A1+ 1) ‘1 - N“—"
n—1

) 69

Define T := 2J g‘n — Id. For all n € N, since the resolvent function is firmly nonex-
pansive, by Lemma T’ is nonexpansive. By the definition of (MAR*)) we have

zn—&-Tﬁzn
2

Yon+1 =
holds

, where z, := ayu+ (1 — a)y2,. Using the resolvent identity it

||T,’j+1zn+1—T,’jzn|| < HTT/?—l-lszrl - T?f\—&-lan + HT,’szn - Tr/jan

< Hzn-‘rl - ZTL” +2 H‘]6An+1 Zn — J/@A;”Zn

A A ﬂn+l 5n+1 A

Similarly we have 92,12 = %, where FP is the nonexpansive function defined

by FB := 2JE’n —1d, and where w,, := Apu+ (1 — A\,)yant+1. As above we have

= |lznt1 — 2nll +2

Bn—&-l

Bn

S 2N(an+1 + an) + ||y2n+2 - anH + 2 ’1 - Zn — JBAnJrlZn

B
Fow,

HFann — Ffflwn,lH < wn — wp_1]] +2 HJEnwn,l — J;?nflwnle
S 2N(An + An—1) + [[Y2n41 — y2n—1]|
+ofi - Lo ‘ s = 8w
The definitions above imply that
Yant+1 = iyznq + gvn, (3.9)

where (v,,) is the bounded sequence defined by

)\nfl(l - an)(u — y2n—l) + an(2u —Y2n—-1 — Fs_lwnfl) + (FE_lwnfl + 2T»€Zn)
3 .

Uy, =

Since ||u — yp|| < 2N and ||y,| < 2N, for all n € N we have

120 = yans1 — Flwn|| = 120 = y2ni1 — 2y2nt2 = Ant— (1= Xn)y2n i1
< 2[Ju = yantall + [Y2n+1 + Anu+ (1 = An)y2na |l
< 2w = yonsoll + [lu — y2nta | + 2 [[y2ns1 || < 10N.
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Hence

3vnt1 — vnll 2NNy + A1) + 10N (a1 + ) + || FSwn — FP_jwp— ||

+ 2| TR 1 2ns1 — T |
S 4N(>\n + )\n—l) + 14N(an+1 + an) + 3 ||y2n+1 - y2n—1||

T e | S A B | B
Hn—1 n
+ 4N ()\n + A1+ Qo1+ 1) ‘1 - Mﬂn > .
n—1

Using Lemma [2.24] we have

A
2y — Jﬁn+1zn

< lzn = all + |[ T3, 120 — g <2020~ al
=2lan(u—q) + (1 = an)(y2n — g)|| < 2N

and, similarly, ||wn,1 — Jﬁnwn,ln < 2N. Since \,_1 <1 we then have

8 14
||Un+1 - Un” - ||y2n+1 - y2n71|| S §N(>\n + )\nfl) + 7N(an+1 + an)

3
Ln 8 Br1
+4N |1 — 4+ =-N|1- .
‘ Hn—1 3 ‘ ﬁn

The latter inequality entails that

1
& 8 2 0) s = ol = s = o] < 7).
where v(k) := max{a(38N(k + 1) — 1),(22N(k+ 1) — 1) + 1,7g(11IN(k + 1) — 1),
7, (16N (k +1) — 1) 4+ 1}. Indeed, by condition (Q2) for n > (22N (k+1) —1)+1

8 16N 1
ENOw 4+ An) < < 7
s VOt M) S SN T 1) S T+ D)

by condition (Q1) for n > a(38N(k+1) —1)

14 28N 1

3 N+ o) < SN S WG

by condition (Q7) for n > r,(16N(k+1)—1)+1

Ln 4N _ 1

<
pn—1| ~ 16N(k+1) 4(k+1)
and by condition (Qg) for n > rg(11N(k+1) — 1)

© '1 - Bn—‘rl 8N < 1
3 Bn | T 3UIN(k+1)) ~ 4(k+1)

By Lemma and (3.9)), it follows that part (i) holds.

4’1_

8
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For n > N;, we have 2N ()\n+/\n—1 + A1+ 1) ’1 — ﬁ ) < 2(%&1) By
part (i), there is ng < no(2k + 1, f[N1]) such that
~ 1
N- — gl < = ).
Vn € [no, f[N1](no)] (||y2n+1 Yon—1] < 2+ 1)>
With n; := max{ng, N1} < n(k, f), part follows from (3.8]) and the fact that
[n1, f(n1)] € [no, f[N1](no)]- O

Lemma 3.5. Let N € N be such that N > max{|lu —ql|,||lzo — 4|, |lgl|}, for some
q € S. Assume that there exist monotone functions a,l,rg,r, : N — N satisfying
conditions (Q1), (Q2), (Qs) and (Q7). Then ||ynt+1 — ynll — 0 with monotone quasi-
rate of convergence

2k, f) == n2[N(k, f) := 2max{n (8N (k + 1)* = 1, f), No} + 1,

where ny is as in Lemma[3.7] and

f(n) := f(2max{n, No} + 1)
Ny := max{a(32N?(k +1)? — 1), £(32N?(k + 1) — 1)}.

Proof. By the definition of (y,) we have

Br+1AY2n+1 D an (U — Yon) + Yo — Yont1

Then by the monotonicity of A

(Yon+1 — Yon — an (U — Y20) s Y241 — ) < 0
Now, the latter implies that
(Y2nt1 = Y2nt2, Y2nt1 — 4) < (o (U= Y20) — Yont2 + Y2ns Yons1 — 4)
< llyan+1 = all (an [[u = y2ull + [[y2n+2 — y2nll)
<2N?a, + N [[yant2 — y2nll
Similarly,
Hnt1BY2ni2 D An (U — Y2nt1) + Y2nt1 — Y2nt2
Then, by the monotonicity of B
(Y2n+2 = Y2nt1 — An (U — Y2n+1)  Y2n42 —q) <0
The latter implies that
(Yan+2 = Y2n+1,Y2nt2 — 4) < (An (U — Y2n+1) , Y2nt2 — @)
< Anlw = y2nta |l [[yzn+2 — 4

< 2N2)\,

Let k, f be given. By Lemma there exists ng < 11 (8N(k + 1)? — 1, f) such that

ly2nt2 — Yol < m, for all n € [ng, f(no)]. Define n; := max{ng, Na}. We
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have, for n € [ny, f(2n1 + 1)] C [ng, f(no)]

ly2nt2—y2nt1l* = (Y2n+2 — Yon+1: Y2nt2 — @) + (Yont1 — Yont2, Y2nt1 — q)
< 2N2(an + An) +N ||y2n+2 - Z/2n||
< o A2 ( 1 1

<
SN(k+1)2 = 4(k + 1)2’

1 1
N
32NZ(k 112 | 32NZ(h 1)2) i
and then ||y2nt2 — yant1] < m With ng 1= 2n1+1 < na(k, f), let n € [ng, f(n2)].
If n =2m+ 1, then m € [nq, f(2n1 + 1)] and

1 1
n —Ynl|| = m —Yom < < .
[Yn+1 = yull = [Y2m+2 — Y2m1ll 2k + 1) k+1

If n = 2m, then again m € [nq1, f(2ny + 1)] C [no, f(no)] and

1 1 1
n - In < m - m m - m S S )
1Yn+1 = Unll < Y2m+1 — Yomrall +|y2m+2 — yam |l 2(k+1)+8N(k+1)2 ]

and the result holds. O

Remark 3.6. Lemma entails that the condition (Q,;) is satisfied with 7’ = 75.

Lemma 3.7. Let N € N be such that N > max{|lu —ql|,|lzo — 4|, |lgl|}, for some
q € S. Assume that there exist R € N\{0} and monotone functions a,l,rg,r, : N = N
satisfying conditions (@), (Q2), (Qu). (Qs) and (Q7). Then

(i) T2 (y2ns1) — Yant1ll — O with monotone quasi-rate of convergence

ns(k, f) := max{n2(4k + 3, f[N3]), N3}
(43) || JB(Yant2) — Yansall — O with monotone quasi-rate of convergence

na(k, f) := max{nz(4k + 3, f[IVa]), Na}
where 1y is as in Lemma[3.5 and
N3 :=a(8N(k+1)—1)
Ny :=((8N(k+1)—1).
Proof. For all n € N we have,

175, (Y2nt1) = vaniall < 15, (vant1) — JE, (Wan) |l + 1175, (y2n) — y2niall
< Nyant1 = yanll + 195, (Y2n) — JB, (anu+ (1 = an)yan) ||
< ly2n+1 — voull + anllu — you||
< ly2n+1 — Y2nll + 2Nay,. (3.10)

By Lemma [3.5| there exists ng < 12 (4k + 3, f[Ns]) such that [|y2ns1 — yon|| < m,

for all n € [ng, f[N3](ng)]. With ny := max{ng, N3} < ns(k, f), condition (Qq),
Lemma [2.3] and (3.10) entail that, for all n € [ny, f(nq)]

1
T2 W2nt1) — Yzns1 || < 2095, (Y2nt1) — Yans || < PR
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The proof of the second part of the lemma is similar using
H']Bn (Y2nt2)—Yantall < ”an (Y2nt2) — an (y2n+1) |l + H,]Bn (yant1) — Yoniall
< llyznvz = yonsall + I, (2n2) = T, Ot (L= An)gansa)|
< |lyont+2 — Yant1ll + Anllw — yoniall
< Hy2n+2 - y2n+1|| + 2N A,. O

From Lemmas (3.5 m and [3.7] . using Remark [2 we obtain that the sequence (y,,)
is asymptotically regular with respect to both A and JB.

Lemma 3.8. Let N € N be such that N > max{|lu —ql|,||lzo — 4|, |lqll}, for some
q € S. Assume that there exist R € N\{0} and monotone functions a,l,rg,r, : N = N
satisfying conditions (Q1), (Q2), (Q4), (Qs) and (Q7). Then

1) HJA(yn) - ynH — 0, with monotone quasi-rate of convergence

15 (k, f) == W[®1, 73] (, [)
(i4) HJB(yn) - ynH — 0, with monotone quasi-rate of convergence
n6(k, f) = W[®[n2, 1ul](k, f),

where ® is as in Remark[2.11], ¥ is as in Proposition[2.13 and

?]2(]6’]6) = 772(4k+372f)
n3(k, f) :=n3(2k + 1, f)
Na(k, f) :==na(2k + 1, hyp) + 1
hy(n) = f(n+1).

Proof. Since J” is nonexpansive
||JA(y2n) - anH < ||JA(y2n) - JA(y2n+l)|| + HJA(ZJQn-s-l) - y2n+lH + ly2n+1 — y2nll

< 2[ly2n+1 — Y2null + ||JA (Y2n+1) — y2n+1}| .

By Lemma [3.5 and Lemma [3.7] we may apply Remark [2.11] to conclude that for all
k € N and monotone f:N—>N

In < Bz, 1 (k, f) Vm € [n, f(n)]

1 1
<||JA(y2m) - yZmH >~ k?-i— 1 AN ||J y27n+1) y2m+1|| S k—f—l) .
The first part follows from Proposition [2.12}
The proof of the second part is analogous using
|78 (y2nt1) = vansa || < |78 Wans1) — T2 (wan) || + |75 (W2n) — vanl| + lly2n — y2niall

< 2|ly2n+1 — Y2ull + ||JB(y2n) — Yanl| -
(|

Remark 3.9. Using Remark we obtain from Lemma [3.§] that the function
n(k, f) == ®[ns, n6](k, f) satisfies the condition (@), i.e

VE e NVf e N—= N3n <nk, f)¥m € [n, f(n)]

. 1 5 1
(1 0m) = | = 1 A1) = < 7 )
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Then, using also Remark we may apply Corollary to obtain an effective
metastability bound for (MAR*|) under the assumptions (Q1) — (Q7).

3.3. Relation with Halpern’s definition. In this subsection we argue that the
algorithm (MAR*)) is essentially a Halpern-type iteration for two maximal monotone
operators A’, B’. Define for n € N

{ZQn-l—l == anu + (1 - &/TL)JBA:L (2271)

- - (HPPA3)

Zon42 = ApU + (1 - An)Jf?; (Z2n+1)

where zo € H is given, (an), (An) C (0,1), (Bn), (fin) C (0, +00).

Proposition 3.10. Let (y,) be generated by with y, — © € H. Consider
A = A B = B and that a, = )\n,xn = Unt1,Pn = Pnslin = pn, for all n € N.
If an, Ay — 0, and (zy,) is generated by with zo = apu + (1 — ag)yo, then
Zn — .

Moreover, given rates of convergence a,f : N — N for o, — 0 and A\, — 0
respectively, and N € N such that N > max{||u — q||,||zo — ql|, |lq||}, for some q € S,
we have that ||y, — zn|| = with rate of convergence (k) := 2max{’d(k),l7(k)} +2. If
p is a rate of metastability for (y,), then p is a rate of metastability for (z,), where

5k, f) := max {p (2/.: 1, fly(dk + 3)}) (4 + 3)} ,
(k) == a@N(E+1) - 1)
U(k) :==L2N(k +1) — 1)

Proof. By induction, yo, 11 = Jg' (z2n) and Yop42 = JE; (z2n+1), for all n € N. Hence

(3.11)

2n+1 = anu + (1 - an)an-i-l
Z2on4+2 = )\nu + (]- - An)l;/Z'rH»Q

Since a, = A\, — 0 and Xn = apt1 — 0, we conclude z, — z. Now let k, f be
given. From (3.11), we have that ||z2p4+1 — Y2n+1]| — 0 with rate of convergence ¢
and ||z2n+2 — Yon+2| — 0 with rate of convergence a. This shows that + is a rate of

convergence for ||z, — y,|| — 0. There exists ng < p(2k + 1, f[y(4k + 3)]) such that

¥isj € fno, T (0t + 30 (I~ 151 < 5 )

The result follows with n := max{ng, v(4k + 3)} < p(k, f) by the triangle inequality.
U

Proposition 3.11. Let (z,,) be generated by (HPPA3) with z, — x € H. Consider
A =B B = A" and that a,, = &, Ay = A, Bn = By fin = Bna, for allm € N. If
On, An — 0, and (yn) is generated by (MAR*)) with yo = Jgo(zo), then y, — f
Moreover, given rates of convergence a,f : N — N for a, — 0 and A\, — 0
respectively, and N € N such that N > max{||u — ql|, ||zo — 4|, ||lgll}, for some ¢ € S,
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we have that || zn41 — yYn|| — 0 with rate of convergence v(k) := 2max{a(k), {(k)} +1.
If p is a rate of metastability for (z,), then p is a rate of metastability for (y.), where

(k. f) := max {p (2k 1, fly(ak + 3)]) + 1) y(4k + 3)} ,
with @, ¢ defined as in Proposition .
Proof. By induction, for all n € N

{22n+1 = apu + (]- - an)yZn (3 12)

Z2on+42 = )\nu + (]- - An)y2n+1
which implies y, — x. Now let k,f be given. From (3.12), we have that

l[z2n+1 — yan|| — 0 with rate of convergence @, and ||z2n4+2 — Y2n+1| — 0 with rate
of convergence ¢. This shows that 7 is a rate of convergence for ||zp,+1 — ynl| — 0.

There exists ng < p(2k + 1, f[y(4k 4+ 3)] + 1) such that

¥isj € fno. FEaCak + 3na) + 1 (s = 51 < 375 )

which entails 211 — 241 < 5 , for 4,7 € [no, flv(4k + 3)](no)]. Again the

1
(k+1)
result follows by the triangle inequality, with n := max{ng, p’'(4k +3)} < p(k, f). O

Remark 3.12.
(i) In the first part of Proposition if z€S5" := A’71(0) N B’~1(0), then we can
drop the assumptions ay,, A, — 0. Indeed, from (3.12)), yont1 = JBAn(22n+1) and
Yoni2 = JB (2an42) for all n € N. Since x € S” and the resolvent functions are

H:n
nonexpansive,

ly2n+1 — zl| < [|22n41 — || and  [ly2nt2 — 2| < [[22n42 — 2],

from which we conclude y,, — x. Moreover, a (quasi-)rate of convergence for
zn, — x easily gives rise to a (quasi-)rate of convergence for y,, — x.

(i) Let r be a positive real number. In Proposition if p is a quasi-rate of as-
ymptotic regularity for (y,,) w.r.t. JA and JB, i.e. a quasi-rate of convergence for
max{||yn — JAWn)|| ; |yn — JE(yn)||} — O, then 5 is a quasi-rate of asymptotic
regularity for (z,), using the inequality

120 = Je(zn)ll < 2|20 = ynll + llyn = e (ya)l,

where J,. denotes either J2 or JB.

(i71) Similarly to the previous point, in Proposition the same transformations
yield a quasi-rate of asymptotic regularity for (y,) from a quasi-rate of asymp-
totic regularity for (z,), now using the inequality

)

1yn = Jr (@)l < 212041 = ynll + 2041 = Tr (2] -

(iv) The previous arguments actually entail that if p is a Cauchy rate (resp. rate of
asymptotic regularity) for one iteration, then p is also a Cauchy rate (resp. rate
of asymptotic regularity) for the other iteration.
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(v) In light of Proposition (and point (ii) in this remark), the extraction of

metastability rates and quasi-rates of asymptotic regularity for (MAR*)), carried
out in this paper, entail similar quantitative information for (HPPAZ)).

4. IMPROVING THE METASTABILITY FOR (MAR*)

In a follow up paper [7] Boikanyo and Moroganu improved Theoremby removing
conditions (Cy4) and (C5). In this section we give an analysis of the improved result. In
order to obtain a quantitative version of this improved result, we work with conditions
(Q1)—(Q4) and assume the existence of a monotone function P : N — N\ {0} satisfying

1
VneN|a,+ Ay > — .
From a logical point of view, the proof is now more involved since it requires a
discussion by cases depending on whether the sequence defined by sZ := ||ly2, — x||2,

for x € By is eventually decreasing or not and uses a (quantitative version of a)
lemma due to Maing [28 Lemma 3.1]. The latter is often used in results which relax
the conditions on the parameters of the resolvent functions. The first quantitative
analyses using Maing’s result were developed in [I3] 21].

Throughout this section we fix a,¢, A, R and P satisfying conditions (Q1) — (Q4)
and (Qs) respectively, and N € N. Let us start by defining the following constants
and functions, which are useful for our analysis.

Definition 4.1. Given k € N, we define the following constants

(7) (ct. Corollary [4.4) My := max{a(16N(k+1) —1),¢(16N(k+1)—1)}

(ii) (cf. Lemma [4.6) M; := max{a((8N(k + 1))?) — 1,4(3(4N(k + 1))?) — 1}
(iii) (cf. Lemma[4.7) My := max{a((64N(k +1))?) — 1,£(3(32N(k +1))?) — 1}

Definition 4.2. We define the following functions
(i) (cf. Lemmal[LF) Given D,k,n € Nand f:N— N
(a) ¢1[D](k,n, f) := f(¢2[D](k,n, f)) + 1
(b) ¢2[D](k,n, f) := max{n, (f +1)PED)(n)}
(#4) (cf. Lemma4.6) Given k,n € Nand f: N — N

(a) Uq(k,n, f):= ¢ [AN?](2(k +1)? - L, n, f[Mi])
(b) \IJZ(kan, f) = max{¢2[4N2](2(k + 1)2 - 13 n, f[Ml])v Ml}
(iii) (cf. Lemma[L.7) Given k,n € Nand f: N — N

(a) W3(k,n, f) = p1[AN?](128(k +1)* — 1,n, f[Ma])
(b) Wy(k,n, f) = max{p2[4N?](128(k + 1)? — 1,n, f[Ma]), Ma}
(iv) (cf. Lemma Let 0y = 01[A,4N?] be as in Lemma [2.15] Given k,n € N,
fiNoN B B
(a) jflk, fl(n) :== f(201(k,n) + 1), with k = 16(k + 1) — 1
(b) \115(k,n7f) = \P3(Ilf1va’x{k7n}vnv.jf[k7f}) N
(c) Wo(k,n, f) == 201(k,n) + 1, with n = Yy(max{k,n},n,js[k, f]) and k as
in (a)
() &1lk, £1(n) i= 16 - 64N (k + 1)2(f (Wo(k,m, £)) + 1) — 1
(v) (cf. Lemma [4.10) Given k,n € Nand f: N — N
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a) &k, f](n) :==16-96NP(f(2n+1))(k+1)%2 -1
b) m(n) := max{a(16 - 64N?n — 1),£(12 - 64N?n — 1)}
(c) r(n, k) :== max{m(2(n + 1)?),m((k + 1)?)}
(vi) (cf. Theorem Let ¢ = ¢[N] be as in Lemma m For all k,n € N and

f:N—=N

(a) r+(n, k) := max{r(n,k),n}

(b) Eilk, fl(n) = & [k, f](r*(n, k)

(c) Zalk, fl(n) := &k, fI(¥s5(k, ¥ (n, k), f))

(d) E(n) :=E[k, fl(n) := B[k, f](n) := max{E1[k, f](n), Ea[k, f](n)}

(e) H( ’ f) = max{\llﬁ( 7T+(C(k7 E)’ k)? f)a 2\1}5(]@’ r+(§( 75)7 k)a f) + l}a with
k=3 96(k+1)2—1

‘We are now able to formulate the main result of this section.

Theorem 4.3. For xg,u € H, let (y,) be generated by (MAR|) (with yo = xo).
Consider N € N\ {0} such that N > max{2 ||u — q||, [|xo — ¢l|, ||¢||}, for some ¢ € S.
Then, for all k € N and monotone function f : N - N
1
3n < ulk, f) Vi, j il < —— ).
< lh )% € 0] (s =5l < )
From the metastability property of Theorem it is possible to show the following
asymptotic regularity result. We write JA := JIA%,1 and JB := Jg,l.
Corollary 4.4. The sequence (y,) is asymptotically regular w.r.t. JA and JB, with
quasi-rate of asymptotic regularity 9(k, f) = 2max{u(8k + 7,2¢;[Mo] + 2), My} + 1.
Proof. Let k € N and monotone f : N — N be given. By Theorem [.3] there exists
no < u(8k + 7,2g5[Mo] + 2) such that
1
Vi, j 257 [M, N (s —will < ——— ) .
i € o 2051M6lne) + 2 (s = 51 < s
Define n; := max{ng, Mo}. For all i € [ni,g¢(n1)], we have 2¢,2i + 1,2i + 2 €
[no,2g7[Mo](no) + 2] and then

1
E+1
From the definition of (MAR*)), using ||y2; — u|| < 2N and the fact that J[/;\i are

nonexpansive, we derive

1
i+2 — Y2ip1]| < and i1 — Y2l < oo
Hyz +2 — Y2 +1H 8( ) ||y2 +1 — Y2 || 8(k T 1)

195, (w2i) = wi| < (175, (i) — i || +

8+ 1)
1
<o Hy2i - UH + m
2N 1 1

SN TR T a0

Similarly, one obtains

175, (y2i41) = Yoisa || < 4k+1)
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By Lemma and condition (Q)4) we conclude

1 1
172 Ge0) = weill < gy and 75 ee) = wminall < 57y

Finally, since J* and JB are nonexpansive, we have for i € [n1, gs(n1)]

1
|72 (2is1) — v2it1]| < 2ly2ier — il + || T2 (2s) — woi]| < Tl
1
178 (y2s) — wail| < 2 lly2ir — vaill + || T2 (W2i1) — voi41]] < 1
With ng := 2ny + 1 < 9(k, f) the result follows by considering the cases m = 2i and
m = 2i+ 1, for i € [ng, f(n2)] as in both cases i € [n1,gs(n1)]. O

In order to prove Theorem [£.3 we start with the following inequalities. Let x € By.
For all m € N, by the definition of ya,,+2 we have

B(yams2) Mi o (11— 2) + (1= A (2mss — %) — (a2 — 7).

m

We have that

1
max {R 178 (@) = y2m+2| » . (At + (1= A )Y2m+1 — Yam+2) } <2RN.
By Lemma [2.20]
1
(Yomt2 — T, T(Am(u =)+ (I = An)(W2ms1 — ) — (Y2ma2 — ¥)))

)

> —4RN HJB(m) - 3:|

and so, using the fact that y,, R < 1 and the equality 2(a,b) = [|a]|*+]|b||* = |la — b||?,
2 lyzm+2 — zl” < 20 {Yamsz — 0 — ) + 2(1 = A ) (Y2mt2 — T, Yoms1 — @)
+8N HJB(QU) — |
= (1= 2m) (gamez = 21 + lly2ms1 = 2l = g2ms2 — gome )
+ 22 (Yomt2 — z,u— ) + 8N || JB(2) — =)

Hence
(14 M) ly2mse = @l|* < (1= M) 2ms1 = 2ll” + 200 (1 — 2, y2ms2 — @) (41)
—(1=2An) ||y2m+2*y2m+1H2+8NHJB($)*ZH- .
Using
Altams1) 3 5 (=) + (1= ) (2 = 2) = (gamss — )
with similar arguments we obtain
(14 am) [yomr1 = 2] < (1= am) lly2m — 2 + 20m (v = 2, y2m+1 — @) (42)

- (1 - Oém) Hy2m+1 - y27n||2 + 8N ||JA(IE) - 1’” .
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From and we obtain
(14 M) [y2mt2 = 2l* < (1= am)(1 = Am) [g2m — 2|
+ 200 (1 = Am) (v — &, y2m+1 — @)
+ 2Am (U — 2, Y2m2 — ) — (1 — o) (1 = Am) |Y2mt1 — y2mH2
— (1= Am) [92m+2 — Y2me ] + 8N (|77 @) — || + || JB () — 55”)(4

Denote 5% := ||yan — z||?, for 2 € By. It follows from Lemma and (4.3)
Smt1 — S+ [[Y2me1 — y2m||2 + y2m+2 — 1/2m+1||2

2 2
<am (2 lu — 2| ly2msz — || + |Y2m+2 — Y2mt1ll” + [|[¥2m+1 — Yom || )

+ A (2010 = ol ly2mss = o+ lgam1 = v
< 16N%ay, + 12N2\,,. (4.4)
On the other hand, from the definition of (y,), condition (Q4) and Lemmas and
224
|78 (2mr2) = vomra|| < 2[|77, (Y2mt2) — Yam2||
< 2 A (= yamt1) + (Y2mt1 — Yamr2)| (4.5)
< AN + 2 ||y2m+2 — Y2m1l]
and

[T (y2m11) = Yamr1 || < AN + 2|[yams1 — yam|l - (4.6)
The proof of Theorem [.3] now follows a discussion by cases.

4.1. First case. Let us consider first the case where (s¥) is eventually decreasing.
In this subsection we assume that N > max{||lu — q||, ||zo — ¢|| , ||¢||} for some ¢ € S.
We begin with an easy adaptation of [19, Proposition 2.27] (see also Remark 2.29 in
the same reference).

Lemma 4.5. Let (sy,) be a sequence of real numbers and D € N\ {0} be such that
0<sm, <D, forallmeN. Fork,neN, f:N— N monotone, if

vm S [na ¢1(ka n, f)] (8m+1 S Sm) )
then there exists n' < ¢o(k,n, f) such that

o € 0 £0)] (s~ 5w < 17 ). (47)

Moreover, there is n’ € {(f + 1) (n) :i < D(k + 1)} satisfying [@7).
From Lemma [£.5]it follows the following result tailored for our analysis.

Lemma 4.6. For all k,n € N and monotone f : N — N, if there exists x € By such
that

Vm € [n, Uy (k,n, f)] (s8,41 < sh),
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then there exists n' < Uq(k,n, f) such that
1 1
Vm € [n’ ! - < ——A - < —.
m € [0, f(n')] <||y2m+2 Yomt1|| < k1 y2mt1 — yomll < k+ 1)

Proof. First note that, using Lemma it holds that 0 < s%, < 4N? for all m € N.
By Lemma there exists ng < ¢2[4N?](2(k + 1)? — 1,n, f[M]) such that for all

m € [no, f[Mi](no)] it holds that s%, — sp < e By (4.4) the result follows
with n’ := max{ng, M1} (< Ua(k,n, f)). O
Lemma 4.7. For all k,n € N and monotone f : N — N, if there exists x € By such
that

Vm € [n, U3(k,n, f)] (s8,41 < sh),
then there exists n' < Wy(k,n, f) such that for all i € [n/, f(n')]

1 1
|72 (2i12) — v2ite| < A |2 (y2i41) = y2ir1 | < Pl
and
1 1
(|7 (y2i2) — yaira| < P |75 (y2i11) = y2ira || < Pt

Proof. By Lemma take ng < Wy(8k+7,n, f[Ms]) such that for n’ :=max{ng, My},

. 1
Vi€ [n', f(n')] (maX{Hy%Jrl = v2ill s [y2i+2 — y2ita [} < 8(I<:+1)> . (4.8)
Notice that, since My > max{a(8N(k+1) —1),¢(8N(k+1)—1)}
1
Hence, by (4.5) and (4.6), for i € [0/, f(n')]
3 3
Aair1) —yoin1|| € ——— and  [|JB(y2is2) — voirel| < . (4.1
|72 (y2i41) = y2it|| < 0+ 1) an 175 (y2is2) — y2ita| < 01 (4.10)
Using the fact that J* and J® are nonexpansive, we have
||JA(3/2i+2) - y2i+2|| < 2||ly2ive — Y2ipa |l + HJA(ZJ21'+1) - y2i+1||
and
178 (y2i+1) — y2it1 || < 211y2it2 — y2is || + [|T° (Y2i42) — Y2ive]| -
By (4.8) and (4.10), for all i € [n/, f(n')]
1 1
A B
||J (Y2i42) — y2¢+2” < Pl and HJ (Y2iy1) — y2i+1|| < il (4.11)
The result follows from (4.10) and (4.11) and the fact that n’ < max{¥s(8k +
7,Tl,f[M2D, MQ}:\II4(kan7f)' U

The following result gives the quantitative version of the argument for the first
case.
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Lemma 4.8. For all k,n € N, monotone f : N — N and x € By, if
(i) Ym € [n, Ws(k,n, f)] (shy1 < s7)

.. 1
(i) || JA(x) — || < AOES! A TB (@) — o] < &n)+1

(#i1) for ally € By

(170 - vl < = A 150 - ol <

then there exists n' < Wg(k,n, f) such that

1
_ _ < -
)_><“ TYT) S ST I

vie b 10)] (s =l < gy )

Proof. We may assume that for all m < Ug(k, n, f) it holds that f(m) > m, otherwise
the result is trivial. By Lemma [{.7] and the first hypothesis, there is ng < 7 such that
for all i € [ng, jf(no)]

1
HJA(yQi—‘rl) — iz || < " A ||JB(y2i+1) — y2is1]| <

n+1
and
HJA(yQiJrQ) — Yaiga|| < - A HJB(y2i+2) — Yaiga|| < L
T n+1 “n+1
Furthermore, from (4.8) in the proof of Lemma [4.7| we know that for i € [ng, j;(no)]
1
ot — il < 4.12
[y2i+1 — yoill Ak + 1) ( )
Hence, using the third hypothesis and the fact that (y.,) C By, for all i € [ng, j(no)]
1 1
r it — ) < A U— Ty Yty — ) < (4.1
(u—2,Y2i41 x>_256(k:—|—1)2/\<u T,Y2iy2 — T ) 256(k 1+ 1) (4.13)

From (4.3) we obtain
lyzive — > < (1 — ) (1 = N\y) (||y2i —z|” + 'Ui) + a;b; + Aic

with v; = 8N (||JA(x) — z| + ||JB(x) — z||), b = 2(u — @,y2i41 — ©) + v; and
¢i = 2(u — x,Y2;,42 — ) + v;. By the second hypothesis and the monotonicity of f
and oy

16N

1024N (k + 1)2(f (201 (k, 71) + 1) + 1)
1

< = .
64k + 1)2(f(201(k,n') + 1)+ 1)
With p = jf(no) = f(201(k,no) + 1), we have

8N ([|7%() = 2| + [| 7% () — =)

IA

(4.14)

Ae; <
2 NG =G

Vi € [no,p] | vi < 1 Ab; < 1
CPI\" =6k 1200+ 1) T 640k + 1)

<k1+1>2>’
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using [@.13), (@.14) and p > o1 (k, ng) > 1. By Lemma we conclude that

Vi € [o1(k. o), ] <|y2z‘ —a < 4(;311)) :

Since oy (k, no) > no, we have that [o1 (k, no), p] C [no,js(no)] and so by (4.12)

Vi € [o1(k, no), ] (|y2¢+1 —a < 2(l~:1+1)) '

The result follows with n/ := 20y (k, no) + 1. O

4.2. Second case. We are now going to consider the case where the sequence (s%) is
not eventually decreasing. In this subsection, we again assume that for some ¢ € S,
N > max{|Ju — g, 20 — g . ]}

For s : N — N and m € N we define a monotone function 7 as follows.

n n<m
T (n) == ¢ max{k € [m,n] : s < spy1} n>mA3Ik € [m,n| (s < Sks1)
n n>mAVEk € [m,n] (sg41 < si) .

Lemma 4.9 ([I3| Lemma 3.27]). Let s: N — N and m,r € N be arbitrary. If m > r
and Spm < Sm+1, then

Vi >m (75,(i) > r Amax{s;s: ), 8} < S ()11) -

The following result gives the quantitative version of the argument for the second
case.

Lemma 4.10. For k,m,n € N, f: N — N monotone and x € By, assume that
(1) n>r(m,k)Nsp <sp .,
(if) [|[7A(@) o] < AN @) ~ 2 < gap

(#ii) for ally € By

1
&2(n)+1

1
< ——
= 3-96(k +1)2

(HJA@) Lyl < — AP -y < 1) S lu-zy—a)

m+1 m—+1

Then, there exists n' < 2n+ 1 such that

vie [, f(n')] (llyi = 2(l<:1+1)> '

Proof. With z € By, as in the statement of the lemma, we simplify the notation by
writing s, := sy, and 7, := Tim. From Lemma we know that

Vi > n (1o(i) = r(m, k) Amax{s, ), si} < 7, ()+1) -
Let i € [n, f(2n +1)]. Since s, (;) < 57, (541 and

r(m, k) > max{a(32 - 64N?(m +1)% — 1),£(24 - 64N?*(m + 1)? — 1)},



90 BRUNO DINIS AND PEDRO PINTO

by (4.4) we have

2
maX{Hern(i)H - ern(i)‘ , ||y27'n(i)+2 - y2‘rn(i)+l||2}

< 16 N2 n 12N2
T 32-64N2(m+1)2  24-64N2(m+1)2
_ 1
64(m +1)%’
which entails
1

max {[[y2r,,()+1 = Yaru ||+ [ 42 = v2ra ||} < S(m+1)

By the monotonicity of a and ¢, we have
Tn(2) > r(m, k) > max{a(16N(m +1) —1),£(16N(m +1) — 1)},
which implies
1 1
< — d AN, 5 <
S im+1 7 =7

4N, ; Y
Y (0 (m+1)
From (4.5) and (4.6) it follows that

1
m+1) A ||JB(Z/2T”(¢)+2) - yzrn(i)+2H = 2(

1
||JA(y2~rn(i)+1) - yQ‘rn(i)+1H < 2(7 m

Hence

HJB(:U2TTL(¢)+1) - y2’rn(i)+1H <2 HyQ‘Fn(i)JrQ - yQTn(i)JrlH + HJB(y2‘rn(i)+2) - y2'rn(i)+2H
1

“m+4+1

and

|74 War, iy 42) = Yarayral| < 2[[Y2r e = Yoryir || + (|77 Warn 1) = Yor |

1
“m+1
Then, by the third hypothesis and the fact that (y,) C By (cf. Lemma ,
(u—z ) < L dy ) < 1
U—T,Yor ()41 —T) < m—————=and (U — T, Yo7, ()42 — L) < .
Yara(i)+1 3-96(k + 1)2 Yarn(i)+2 3-96(k + 1)2

(4.15)
Since s, ;) < 87, (i)+1, it follows from (4.3)) that

(Qr, () F 2M5, () = Qr () Ar () S ()41 < (i) + 220, () (20U — 2, Y2r, ()41 — T)
+ <u — Ty Yor, (i)+2 — $>)
+8N (|| JA (@) — z|| + ||7B(z) — =) ,
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and, since S (i) +1 < 4N? and arn(i))‘rn(i) < O, (i) (am(i) + 2>‘Tn(i))7
(Qr,, (i) 227, (0)) 570 (i) 41 < () + 207, (0) (2 — 2, Y27, (341 — )
+ (U —2,Y2r, ()42 — T))
+ 8N (||JA(x) — mH + ||JB(x) - mH)
+AN?ar, i) (0, i) + 2A0,3))-
By the second hypothesis,

1
= 96P(F2n+ 1)) (k + 1)

8N ([|74(@) = 2| +[|7%(2) — =)

and so

St (1) +1 < 2<u — T Y27, (i)+1 — ‘T> + <u - I7y27'n(i)+2 - I>
n 1 1
o, (i) + An, iy 96P(f(2n + 1)) (k +1)?

+ 4N2arn(i)-

We have 7,,(i) <i < f(2n+1). Hence by (4.15)) and the monotonicity of P,
2

hi1 € ————— + AN, ;).

@ = gip 1)z T OO

By the monotonicity of a, we have r(m, k) > a(4-96N?(k + 1) — 1), and thus

1
AN?0; () < ——.
A = 96k +1)2
We conclude that <¥adso 4<¥ Consequentl
nclu 57—"(2)—&-1 = 32(/{/’+ 1)2, Il S; < 32(k+ 1)2 nsequently,
vi e fn, f2n+ 1) (flys — 2] < ——— (4.16)
’ Y2i = 4(]€—|—1) . .
By (4.4) and the fact that s;y; > 0, we conclude
1
2 2 2
ir1 — Y2ull” <16N“q; + 12N\ + ————.
ly2i+1 — yoil ™ < o+ + 320k + 12

Since i > n > r(m, k) > max{a(16 - 64N?(k + 1) — 1),£(12 - 64N?(k + 1)> — 1)}, it
follows ||y2i+1 — y2i| < m. Hence, using (4.16])

Vi € [n, f(2n +1)] (|y2i+1 —z|| < 2(kl+1)) ) (4.17)

Now let i € 2n+1, f(2n+1)]. If i = 24/, then i’ € [n, f(2n+1)] and the result follows

from (4.16)). If i = 2¢’+1, then the result follows from (4.17) as again i’ € [n, f(2n+1)].
This concludes the proof. O
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4.3. Putting it together. We are now able to prove the main result of this section.

Proof of Theorem[{.3 Let k € N and a monotone function f : N — N be given. Since
N > 2|ju —q|, by Lemmam there exist ng < ((k,E) and « € By such that

1A (@) - o < ﬁ AIE() - al| < ﬁ

and for all y € By

(nJA(y)—yn <L AP -yl < ) S u—my—a) <
no + 1 no + 1 3-96(k + 1)2

Assume that for all m € [r*(no,k), U5(k,7"(no, k), f)] it holds that sy,r1 < Sp.
Notice that Z(ng) > Z1(no) = & (r+(no, k)) and 7 (ng, k) > ng. Applying Lemma[4.8]
(with n = r™(ng, k)) we conclude that
1
Now assume that s,, < sp,11, for some ny € [r*(ng, k), Us(k,r" (no, k), f)]. Since
&, is monotone, we have =(ng) > Za(ng) = &(¥5(k, v (no, k), f)) > &(n1). Then,
applying Lemma (with m = ng and n = ny) we conclude that
1
< ) ;i — < — ). .

In < 2n1 4+ 1Vi € [n, f(n)] <||yl z|| < 2(k+1)) (4.19)

Hence, there is n < u(k, f) such that for all 4, j € [n, f(n)],

lyi — yill < llyi — || + |ly; O

— <
=55
Remark 4.11. The proof of Theorem [£.3] actually shows that for all ¥ € N and for

all f:N—=N
In < p(k,f) 3z € By Ym € [n, f(n)]

1 1 1

5. A GENERALIZATION WITH ERROR TERMS

In this section we show that ||z, —y,|| — 0 and compute rates of convergence.
These rates entail that the main results of Sections Bl and @] can be extended from

(MAR*) to (MAR].

Lemma 5.1. Assume that Y ay, = 0o (or Y. A\, = o0) with rate of divergence A,
and Y |len]] < 0o and > el || < oo with Cauchy rates E,E’, respectively. Consider

M € N such that M > Z;E:(é) llenll + Z;E:,E)l) lleLll + 1. Then ||z — yn|| — O with rate
of convergence
p(k) == p[A,E,E', M|(k) := max{2p1(2k + 1) + 1,2E(2k + 1) + 3},

where py(k) = p1[A,0,0,D, M](k) is as in Lemma[2.14}, with D(k) := max{E(2k +1),
E'(2k + 1)} and 0 denotes the zero function.
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Proof. Since the resolvent functions are nonexpansive, we have that

[22n+1 = Yonsall < (1 —an) 220 — yanll + [len]] (5.1)
and
[Z2n+2 = yans2ll < (1= An) [l22n41 — Yanta |l + llen |l - (5.2)
Observe that 31" [le:ll + Y0 |lef]] < M. By induction, using (5.1)) and (5.2), one
shows that ||z, — yn|| < M, for all n € N. Also from and (5.2) one derives
[22n+2 = yonsall < (1= an)(L = An) lz2n — yonll + lle, || + llenll -
It is easy to see that D is a Cauchy rate for (3_(||en||+ [l€L ). Hence by Lemmal[2.14]

1
k > p1/A,0,0,D, M|(2k + 1 n— Yol < ——— .
v Ean_pl[ y Uy Uy LU,y ]( + )(”‘rQ Y2 ||_2(k'+1)>
Since, for n > E(2k+1) +1, it holds that ||e/,|| < 2(++U The result now follows from

1) O

In a similar way one can obtain a rate of convergence, using Lemma [2.16] instead.

Lemma 5.2. Assume that [[(1 — o) = 0 (or [][(1 = A,) = 0) with a function A’
satisfying [2.3), and Y |le,|| < oo and Y- |lel|| < oo with Cauchy rates E and E'
respectively. Consider M € N such that M > Z?z(é) llenl| + Z?z/%l) ller |l + 1. Then
|2 — ynll = 0 with rate of convergence

p(k) := p[A"E,E', M|(k) := max{2p2(2k + 1) + 1,2E(2k + 1) + 3},

where pa(k) = p2[A’,0,0,D, M](k) is as in Lemma[2.16, with D(k) := max{E(2k+1),
E'(2k 4+ 1)} and O denotes the zero function.

Remark 5.3. In [8, Theorem 3.2] and [7, Theorem 8] several other conditions on
the error terms are considered. Under those conditions, one can obtain rates of
convergence for ||z, — y,|| — 0 by following the steps in the proofs of Lemmas
and Indeed, the only difference is in the choice of parameters for the functions p;
and py. For example, under the condition ) ||e,|| < oo and ||e, || /an — 0, one would
assume the existence of a Cauchy rate E for (3 ||e,||) as before, B a rate of convergence
for |[e,,|| /an — 0, and consider M’ > max; g0y {1, [[€}]| i} + S0 [le|| + 1. Then
p(k) is defined as in Lemmas [5.1] and [5.2] but instead with (respectively)

pl[AaB7O7E7 M/} and pQ[A/7B>OaE>MI]‘

Remark 5.4. Using the same arguments as in Lemmas[5.1]and [5.2] (and Remark
one shows that p is also a rate of convergence for ||w, — z,| — 0, where (z,) is
generated by (HPPA3)) and (w,) is given by the generalized algorithm with error

terms (HPPAs)), i.e. the following iteration:
Wani1 = Anth + (1 — &) JA (wan) + €n
2t = Gnt o ( ~)g¢(2) (HPPA,)
Wop+4+2 = Anl + (1 — /\”)Jﬂn (w2n+1) + e;l

where wy = 29 € H is given, (@), (An) C (0,1), (Bn), (7in) C (0, +00).
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6. FINAL REMARKS

In this final section we discuss in what way our results establish a finitization of the
strong convergence of the method of alternating resolvents towards a common zero.

Section [3] gives an effective metastability bound for (y,) given by the algorithm
(MAR*). Recall that the restriction to monotone functions and to the interval [n, f(n)]
are only for convenience as explained in Remark We begin by computing a par-
tial bound on the metastability of the iteration which depends on the conditions
(Q3) — (Qs) together with (Q,) and (Q,). In Subsection using the conditions
(Q1),(Q2),(Q4), (Qs) and (Q7), we compute functions 7 and 7’ satisfying conditions
(@) and (Q,y) and thus obtain a metastability bound depending only on the condi-
tions (Q1) — (Q7) (cf. Remark [3.9). From the metastability of the iteration (y,) it
follows (ineffectively) that (y,) is a Cauchy sequence. Hence it converges strongly to
some point y € H. From Remark and the continuity of J* and JB, we conclude
that y must be a common zero of the operators A and B. Furthermore, one can argue
that y must be the projection point of u onto S. Consider 3 such projection point.
Since y, = y € S, we have (u — g,y — 4 ) < 0 and thus

~ ~ 1
VkENEInENVm>n<<u UYm —Y) < k—|—1>'
Hence, for all k£ and f, and (in the proof of Theorem hold with Z = v,
and ng big enough. Following the proof of Theorem we conclude that yo,, — ¥
and therefore y = .

Section [4f studies the metastability of (y,) given by , under different as-
sumptions. Here one drops the conditions (Qs), (Qs) and (Q7). It is however nec-
essary to consider additionally the condition (Qs). By Theorem the sequence
(yn) is metastable and hence convergent to some point y € H. From Corol-
lary and the continuity of J” and JB, such point y must be a common zero
of the operators A and B. Let y be the projection point of u onto S. Then
the conclusions of Lemmas and hold with x = g, which implies y = ¥y.
Notice that one cannot guarantee the third assumption in neither of those lem-
mas. However, those conditions are only required to show equations and
, respectively, which follow from the fact that (v — g,y — y) < 0 and the
fact that y, — y. Indeed, let k£ and monotone f be given. For ny big enough,
we have (u — ¥, y2n+1 — ¥ ) < m and (u — Y, Yant2 — Y) < m, for
n > mng. If s¥% ., < s¥ for all m € [r*(ng, k), Us(k,rT(no, k), f)], the conclusion
of Lemma holds with n = rT(ng, k) by following its proof after (with
v =7). If s% < s¥ 4, for some ny € [r¥(ng, k), Us(k,7"(no, k), f)], then the
conclusion of Lemma holds with n = n;. In fact, since for ¢ > n; one has
Tn, (1) > ny1 > 17 (no, k) > no, we have (with = ¥) and can follow the proof
of Lemma (with m = ng) after that point. This argument shows

Vk e NVf:N— N3InVi € [n, f(n)] (||yZ -7 < k’j—1> ,

implying 4, — ¥ and consequently y = ¥.
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Finally, we argue that Section [5] extends the results from Sections [3] and [ to
an iteration (z,) given by (MAR| W, which is a generalized version of the algorithm
@ that allows error terms. Lemmas and [5.2) - give rates of convergence for
|z — yn]l = 0. As such, we also have that (z,,) converges to the projection point
of u onto S. Moreover, one has a rate of metastability for (x,). Indeed, let p be
a rate of convergence for |z, —yn|| — 0 (as in Lemmas or and 4 be a
rate of metastability for (yn) (as in Corollary ﬂ — together with Remark |3 m —or
Theorem |4.3). Given k£ € N and monotone f : N — N, there exists ng < p(2k + 1,
flp(4k + 3)]) such that

¥isj € fno, Tl + 3] (s = 051 < s )

With n := max{ng, p(4k + 3)}, we have for all ,j € [n, f(n)]

i = 2jll < llei = gill + llys = il + [l = wsll

1 1 1 1
< <
- 4(k+1)+2(k+1)+4(k+1) T k+1

and so max{u(2k + 1, f[p(4k + 3)]), p(4k + 3)} is a rate of metastability for (z,,). In
a similar way one can extend the quasi-rate of asymptotic regularity for (MAR¥) (cf.
Remark and Corollary to a quasi-rate of asymptotic regularitngm.
The same constructions also hold for the Halpern-type algorithm . In light
of Proposition [3.10|and Remarks and one also obtains a rate of metastability
and a quasi-rate of asymptotic regularity for (w,) generated by (HPPAy).

Altogether our results give a finitization of the proofs of [8, Theorem 3.2] (Theo-
rem and [7, Theorem 8]. Moreover, our quantitative results avoid the use of the
metric projection (relying instead on Lemma and bypass the sequential weak
compactness argument used in the original proofs, applying the macro introduced in
[14, Proposition 4.3].
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