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Abstract

Given a compact convex set F© C R™, with the origin in its interior, and a point on its
boundary, near which it is given by an implicit equation, we present a formula to compute
the curvature in the direction of any tangent vector. For this we consider the intersection
curve between the boundary of F' and a suitable plane, but without using the plane equations
or the curve expression. Furthermore we see that, when we use the equations of the plane
and the equation that define the boundary of F' near the fixed point, the formula that we
obtain is equivalent to the existing ones, but it is easier to use.
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1 Introduction

In [9] the authors proposed some concepts concerning the geometric structure of a closed convex
bounded set F', with zero in its interior, in a Hilbert space H. Inspired essentially from the
geometry of Banach spaces (see [13]), they introduced three moduli of local rotundity for the
set F', one symmetrical (using the norm of H) and two asymmetric (using the ”asymmetric
norm” given by the Minkowski functional of F'). Using the symmetrical modulus the authors
defined the concept of strict convexity graduated by some parameter a > 0. The main numerical
characteristic resulting from these considerations is the curvature (and the respective curvature
radius) of F', which shows how rotund the set F' is near a fixed boundary point £ watching along
a given direction £*. Considering the polar set of F, F'°, they defined also the modulus of local
smoothness and the local smoothness of F°. As well-known (see, for example, [12, 13, 15, 16])
the strict convexity of a convex closed bounded set F' with zero in its interior is strongly related
to the smoothness of F'°, but in [9] that relation was quantified. In particular, a local asymmet-
ric version of the Lindenstrauss duality theorem [9, Proposition 4.2] was proved there, which
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quantitatively establishes the duality between local smoothness and local rotundity. Thus, the
curvature of F' can be considered also as a numerical characteristic of F°, showing how sleek
F° is in a neighbourhood of a boundary point £* if you look along a direction &. Applying
this theorem, it was obtained a characterization of the curvature of F' in terms of the second
derivative of its dual Minkowski functional [9, Proposition 4.4]. From what we have just said,
and not only (for more results see [9, 10]), the formula for curvature is, from a theoretical point
of view, very useful, but in practice it is very difficult to use even in R? as we can see in [9,
Example 8.4]. Then, in this paper, we propose, in some sense and for some kind of convex bodies
F (compact convex sets with interior points) in R™, n > 2, an equivalent formula to compute its
curvature but easier to use. Namely, in Theorem 1 below, given £ on the boundary of F', OF,
near which it is given by an implicit equation, we present a formula for the curvature of F' at £
in the direction of any tangent vector. For this, and for a fixed tangent vector, we will consider
the intersection curve between OF and a suitable plane, but without using the plane equations
or the curve expression. In a few words, we can say that [9] gives us an approximate idea of the
shape of F' in a global neighbourhood of £, while in this paper the exact shape of F' near £ in
each tangent direction is obtained.

Before moving on to the work itself, let us review more precisely what is already done in this
area.
A definition for curvature similar to the formula that will be obtained here, and called directional
curvature, appears in [1] for a (not necessarily convex) C?-manifold embedded in a Hilbert space.
In [5, p.14] (see also [2, 14]), for a convex body F in R™ (n > 2), a smooth point £ in OF (smooth
means that at £ there exists only one supporting hyperplane to F'), an interior unit normal vector
&* of F at £, and an unit vector £** orthogonal to £*, H. Busemann considered the 2-dimensional
halfplane

H(6,€,6%) = {n €R" :n = £+ A&" + €™ with A, € R and 1 > 0}, (1)

which intersects OF in a plane convex curve. Denoting by r,, for n € H (§,£*,£) N OF near &,
the radius of the circle with centre on the normal line £ + RT¢* containing both & and 7, the
author defined

,Olé** (f) = hm mf 1“,7, pg** (5) = hm Sup rn
s n—¢

ek

>k >k 71
as the lower and upper curvature radius, respectivelly. If the numbers 77 (§) := (pl£ (5))

* ok * ok _1
and 75 &) = (pi (f)) (called lower and upper curvature, respectivelly) are equal and fi-

nite, he says that the curvature of F' at £ in direction £** exists and is equal to the common
value.

Differential geometry of intersection curves of two (or more) surfaces in R? (or higher dimension)
were studied by many authors (see, for example, [3, 8, 17] and the bibliography therein). There
are studies in which all the surfaces are defined implicitly, others in which all are parametrically
defined, and others in which there are surfaces of both types. For this work, we are only inter-
ested in those defined implicitly. At [3, 8, 17] the authors present formulas (or algorithms) for
computing differential geometric properties (such as tangent vector, normal vector, curvatures



and torsion) of the intersection curve. In [8, (5.4)] the author derives a formula for the curvature
of the curve defined by the intersection of n— 1 implicit surfaces in R". This formula is laborious
to apply when the space has dimension n > 4, because we need to do several operations with
the gradients of all functions that implicity define the surfaces. But, when the curve is obtained
by the intersection between the surface of a convex body (given locally by an implicit equation)
and a 2-dimensional plane (as defined in (2)) that formula can be rewritten in a very simple
way, as we will see in Section 6.

This paper is organized as follows. In Section 2 we introduce some notations, definitions and
one example where we can see that the definition of curvature presented in [9] can give us only
an approximate value. In Section 3, we present the conditions on F', the normal cone to F' at
a convenient £ € JF, the tangent hyperplane of F' at £, the definition of directional curvature,
some its properties and its relation to the definition of [9]. Section 4 is dedicated to the main
result of this paper and its proof. In Section 5 we relate the directional curvature of F' with the
radius of a suitable sphere. The relationship between our formula and Goldman’s, when applied
to our case, is proved in Section 6. Finally, the Section 7 is dedicated to the examples.

2 Basic notations and definitions

We will consider in the space R™, n € N, n > 2, with the usual inner product (-,-) and the norm
||I]l, a compact convex set F' with the vector null of R™ (represented by 0) in its interior intF'.
We denote by F° the polar set of F i.e.,

Fo = {€ € R™: (6,6) <1 ¥E € F).
Together with the Minkowski functional pp (-) defined by
pr (§) :=inf{\A>0:& € \F}
we introduce the support function op : R — RT,

or () =sup{(£, &) £ € F}.

Observe that
pr (&) = oFo (),
and, consequently,
1

£
where [|F|| :=sup {||¢]| : £ € F'}. The inequalities (2) mean that pp (-) is a sublinear functional
"equivalent” to the norm ||-||. It is not a norm since —F # F in general. As usual, we represent by
OF the boundary of F. In what follows we will use the so-called duality mapping Jr : OF° — OF
that associates the set

1€l < pr (&) < IECIIIEN, € € RY, (2)

Jr(§7) :={6€dF: (§,¢) =1}



with each £* € 9F°. We say that (£,£*) is a dual pair when £* € OF° and £ € Jr (£*). The
normal cone to F at £, in the sense of Convex Analysis, is given by

Np (€ :={¢C" €eR": (n—¢& (") <0 for every n € I},

and the prozimal normal cone to F at £ is
NE (&) = {(* € R" : there exists ¢ > 0 such that (n — &, < oljn—&||* for every n € F} :

Since F' is closed and convex we have (see [6, Proposition 1.1.10])

NE (€) = Ng (¢). (3)

It is easy to show that Nz (€) N 9F° is the pre-image of the mapping Jr (€), 3z (), calculated
at £. The tangent cone to F at £ is the polar of Np (§), since Ny (§) is, in fact, a cone, it is
given by

{ueR": (u,(*) <0 for every (* € Np (§)}.

We will only work with the hyperplane tangent to the set F' at the point &:

Tr(€) :={ueR": (u,(*) =0 for every (* € Np(£)}. (4)

Following [9, Definition 3.2], for each dual pair (£,£*) the modulus of strict convexity of F at &
with respect to (w.r.t.) £* is

Cp (r&,&) =it {(€ —n.&) sne P lE—nl =7}, r>0, (5)
and F' is said to be strictly convex (or rotund) at & w.r.t. £ if
Cp(r,6,6) >0 forall r>0. (6)

If (6) is fulfilled then ¢ is an exposed point of F' and the vector £* exposes £ in the sense that
the hyperplane {n € R" : (n,&*) = op ({*)} touches F only at the point &, or, in other words,
Jr (&) = {&}. So, in this case, £ is well defined whenever £* is fixed.

Definition 1 ([9]) Fiz {* € OF°, and let £ be the unique element of Jr (£*). The set F' is said
to be strictly convex of order 2 (‘at the point ) w.r.t. £&* if

. . o 2 &p (r,m, 1"

4p(6,€) = liminf #
(rm* )= (04,£,6%) r
n€Ir(n*),n*€OF°

> 0. (7)

The number

1

is said to be the (square) curvature of F' at £ € OF w.r.t. £*.



An example Consider the compact convex set

Fi={(,6)eR?: & <1-¢, —-1<& <1},

For any arbitrary dual pair (£,£*), with £ := (£1,&2), by the symmetry of F, we just consider
the case £1,& > 0. Using [9, Example 8.3] we obtain:

(i)

If & > 0 then the (unique) normal vector £* to F' at &, such that (£,&*) =1 is given by
1

* 3
€ = Tyga ().
After a hard work, we obtained
e (6,6 12¢ ‘
S i T2 I (7 ®
and
e (6,6%) 1261 (9)

=T og 2 (&)

3 2
where ¥ (&) := \/1 + <Z \51]’“) . Combining the estimates (8) and (9) we see that the
k=0

curvature 3 (£,£*) is of order O (&%) (as |&1] — 0). In particular, 5zp is equal to zero at
the points (0,+1).

If £ := (1,0) we have
Np (&) = {(vi,v2) € R® 1 vy < 4w} .
For £* € ONF (£), by the lower semicontinuity of the function (£,£*) — 4r (£,£*), we can

apply the same reasoning as above, but not for £* € intNp (£). In this last case we have
s (€,€") = 400 (see [9, Proposition 3.8]).

In the previous example we obtained only the estimates (8) and (9), but using the theory
developed in this paper we will obtain an equality (see Example 1).

3 Directional curvature

In everything that follows we consider a compact convex set F© C R", n > 2, with 0 € intF.
Fixed ¢ € OF we assume that there are § > 0 and f : R"—=R of class C? at £ + 0B (B C R"
represents the open unit ball), such that

Fc{zeR": f(z) <0},

(& V(&) >0, (10)

where V f (£) means the gradient vector of f at &, and such that, for x € £+ 0B, we have x € OF
if and only if f () =



Remark 1 Thanks to (10) and the continuity of Vf (-) at & there is 0 < &' < § such that

nt - (1.F (1) >0 (1)

In particular, we have Vf (n) # 0 for any n € £ + 0'B.

Proposition 1 We have

Np(m)=|JAVFf(n), nedFn((+B).
A>0

Proof. By (3), for an arbitrary n € F N (£ + ¢'B), it’s enough to prove that

N () = |JAVi (). (12)

A>0

Since f is of classe C? at & + 6B, by [6, Theorem 1.2.5 and Corolary 1.2.6 ], there are o, p > 0
such that (n+ pB) C (£ 4+ ¢'B) and

F@=Fm+fm),y—n —cly—nl*, VYyen+pB,

and consequently

Vi) ,y—n)<coly—nl*, Vye(n+pB)NE.

Thanks to [6, Proposition 1.1.5] Vf () € N% (n). Since N%. () is a cone we have, in fact,
AVf (1) € Nb. (), A > 0.

To prove the other inclusion at (12) fix ¢ € N%. (). By [6, Proposition 1.1.5] there is a constant
o > 0 such that

(Cy—n) <olly—nl?,

whenever y belongs to 0F N (£ + 0B). Put another way, this is equivalent to say that the point
7 minimizes the function y — (—C,4) + o |ly — n||* over all points y satisfying f (y) = 0 and
lly — €|l < d. The Lagrange Multiplier Rule of classical calculus provides a scalar A > 0 such
that ¢ = AV f (n), which completes the proof. m

Consequently, for any 1 € OF N (¢ + §'B) fixed, ' (7) = N () N OF° is a singleton, and
the unique * € J5' (1) is given by

1
== V() (13)
(n, V.f (m))
This means that n* is well defined whenever 7 is fixed. On the other hand, V f (1) # 0 implies
that there is a first ¢ € I := {1,...,n} such that

_9f
- 8.%'2

e (0) : (n) # 0. (14)



Fixed such i the hyperplane tangent to F' at n is given by (see (4))

Tr(n) = {veR":(v,Vf(n) =0}

om0,
) y Un 7 7fxl(n).7
j=1,j#i
Denote by u/ (), j € I\ {i}, the vector of R" with 1 in the jth coordinate, —J;ZJ ((Z; in the ith

coordinate and 0 in the others. Since f is of class C? at & + 6B, u/ () will be close to u’ (£),
whenever 7 is close to &.

For our results we need to introduce the following. Given n € £ + §'B and u (n) € Tr (1),
u (n) # 0, consider the subset of R”

P (n,u(n) = span{Vf(n),u(n)}+mn,

where span {V f (n),u (n)} means the generated space by the vectors Vf (n) and u(n). Note
that the vectors Vf (n) and u (n) are linearly independent, so the set P (n,u (n)) is, in fact, a
2-dimensional plane in R™ (it will simply be called a plane).

Bellow we introduce some directional notions, based on the respective notions presented in
[9], and already seen here in Section 2. To simplify the notation, in general, we will not refer to
the unique &*, given by (13).

Definition 2 The 2-dimensional modulus of strict convexity of F' at £ € OF (with respect to
€*) in the direction of the vector u (§) € Tr (§) \ {0} is given by

EF' (Tvgau(g)) = mf{<§_77,§*> HY/BS Fﬂp(ﬁ,u(@)vuf—nn > T}i r>0.
The set F is strictly convex at £ in the direction of u (§) if ¢ (r,&,u (&) >0 for all r > 0.

Remark 2 Since the set F' C R" is compact and convex we have the equalities

Cr(r&u() = f{{€=n&):ne FNPEu(),|¢—nl=r}
= Wf{{¢=n,&) :nedFNPEu(d)), € —nl=r},

for anyr >0 and u (&) € T (§)\{0}.

Proposition 2 Let £ € OF, £ € OF° given by (13) and u(§) € Tp (&), u(§) # 0. If
Cr (1, 6,u(€)) >0 for all v > 0 then Jp (€%) N P (&,u(€)) = {€}.
Proof. By construction & € Jr (%) N P (& u(€)). If there was £ € Jp (£*) N P (&, u(€)) with
& # &, we would have
(e-¢€€) =0,

and consequently R

Cp (r,§u(f)) =0,
for r := H§ — EH > 0, which is absurd. =



Definition 3 The 2-dimensional curvature of F at & € OF (w.r.t. £*) in the direction of u/ (£),
j € I\{i}, is given by

~ . 1 . .

AF (gvu] (5)) - m YF (g?u] (5)) )

where R '
, 2¢ J
o (f,uj (5)) = liminf a (r,z,u (77))
(r)—(0F.€) "
neor

The set F is said to be strictly convex of the second order at ¢ in the direction of u’ (¢) when

sep (&40 (€)) > 0.

Such at [9, Proposition 3.7] we may extend the concept of directional strict convexity for the
case of an arbitrary compact convex solid (do not assuming that 0 € intF'). For this, we need
to remember that the interior of any convex set C' in R" relative to its affine hull (the smallest
affine set that includes C) is the relative interior of C, denoted by rintC.

Proposition 3 Let £ € OF, i € I as above, j € I\{i}, y1,y2 € rint(FNP({u(&))) and
& € 31;1—311 (& —y1). Then there is an unique & € 3}1_3& (& — y2) colinear with & and such that

e (€1 ©) = g (€12 0). (15

Proof. First, notice that £} is unique and, by (13), is given by me (£) . As the same
reason the unique & € 3;{112 (€ — y2) is given by WVf (€), and it is colinear with ;.
Now, let us fix n € JF close to &, and the corresponding vectors 1] and 73 (which are close to &

and &, respectively). Notice that nj € 3E£y1 (n —y1) implies (y — y1,n}) < 1 for any y € intF,
and we can write

* 1 *
Ny = n
2T+ ()
So, from Definition 2, we obtain
1 & j
TQ:F*.W (r’n*y%u (7]))
73]
1

- mirﬁ{(ﬂ-?ﬂ-(ﬂﬁ) Ce(FNPu®) —y),lln—ys—C|| >}
— ’%Hinf{@?—yﬂ?;):yeFﬂP(n,u(n)),‘n_y”Zr}
= ’nlminf{m_yﬂﬁ):yGFﬁP(n,u(n)),‘n_yHZr}

1 ~ .
= * Q:F—y1 (’f', n—"4i, u’ (77)) )
[Za



ie.,
1 ~ .
WQ:F—ZJQ (Ta77 - y27u] (77)) || HQ:F Y1 (7’ n— ylﬁuj (77))
2 m

for all 7 > 0. Dividing both parts of the last equality by r? and passing to liminf as 7 — 07,
n — & we easily come to (15). =

In the last proof we used the known fact that Np_,, (£ — ;) = Np (§).

Remember that u(£) € Tp (§)\ {0} if there are n — 1 real numbers «;, j € I\ {i}, not

simultaneously null, such that
n

w@= > ol (9.
J=1, j#i
This means that u (£) is a vector of R with
= Ja; (€)
G

=1, j#i

at the ith coordinate and o, j € I\ {i}, at the jth coordinate. If for any n € OF near £ we define
u (n) as the non-zero vector of R™ corresponding to u (§), i.e., the jth coordinates, j € I\ {i},
are the same in both vectors, and the ith coordinate of u (n) is given by

= jQJ(n)
-2 e T )

J=1, j#i

then it will be possible to put

~

lim inf 2 ¢r (r,n,u(n)).

HS*H (rm)—+(0+€) r?
neoF

Note that such vector u (n) is, in fact, in Tg (7).

Proposition 4 Let £ € OF. If there is u (§) € T (§) \ {0} such that 4p (§,u (§)) > 0, then we
will have Jp (n*) N P (n,u(n)) = {n} for every n close enough to & (and respective n* given by

(13)).
Proof. The condition 4r (£, u (§)) > 0 means that for some # > 0 and p > 0 the inequality
Cp (r,m,u(n) > Or’ (16)

takes place whenever || —n[ < p, n € OF and 0 < r < p. Thanks to the monotony of the
function r — €g (r,m,u(n)), decreasing if necessary the constant § > 0, we can assume that
(16) is valid for all positive r. In fact, €p (r,n,u(n)) = +oo whenever r > 2||F|| and for
p <r < 2||F| we have

& (rnu(m) > Er (pmum) =0 (2) 12 >0 (2||’?H>

9



Hence, Cr (rymyu(n)) > 0, for all » > 0, and the conclusion follows from Proposition 2. =

In the next proposition §g (§) represents yp (£,£*), given by (7), for the unique &* =
evren v/ (©)-

Proposition 5 We have

Ar (& u(€) 2Ar (€),  Vu(§) € Tr(§)\{0}. (17)
Furthermore, if 4 (§,u (€)) = 0 for some u (§) € Tr (§) \ {0}, we have 4 (§) = 0 too.

Proof. In fact, by (5),

~

/éF (Ta n,u (77)) Cp (7’, nu (77))

liminf ——————~% = lim inf

2 2
(rm)—(0%€) r (r)—(07€) "
neor NEOF, 1" =gt V f ()
¢ .
> liminf RN (7“,277777 ) (18)
(rm)—(0%.€) "
nedF, n*= (n,Vlf(n» Vfn)
¢ «

> lim inf M (19)

(rmn*)—(0F£,6) "

neJr(n*), n*€OF°
which implies (17).
Now, recalling that we always have 4p () > 0, if there is u(§) € Tr(§)\ {0} such that
A (&, u(£)) = 0, we will have 4p (£) =0. m

Since, when n = 2, we have Tp (§) = span{tp (&)} = {Mp () : A€ R} for tp (&) =
(—fan (&), fo, (€)) and P (&, Xtp (€)) = R? for every A € R\ {0}, then we have the following

result.
Proposition 6 Forn = 2 the equality holds at (17) if Ar (§, X\tF (§)) > 0, for some A € R\ {0}.

Proof. If A € R\ {0} is such that 4 ({, Atr (§)) > 0 then, by Proposition 4, Jr (n*) N
P (n,Atr (n)) = {n} for every n close enough to ¢ (and respective n*). Since, for each such
n we have P (n,u(n)) = R?, we obtain the equality at (19). On the other hand, also for each
such 7, we have R R

Cr (Tanau(n)) =dp (T777777*)7 Vr >0

(see Definition 2 and (5)). Therefore there is also the equality in (18), and consequently
Vi (& At (€)) = r (€) - (20)

The last proposition together with Proposition 5 imply that 4z (§) = 9r (&, u (£)), for every
u (&) € Tr (€)\ {0} . This conclusion was already expected, since in R? there is only one tangent
direction.

10



4 The main result

In this section we prove that, under our conditions, the directional curvature >p (§,uj (f)),
j € I\{i}, can be calculated very easily. For this we need to use the Hessian matrix of f
calculated at &, V2f (€), that is, the n x n matrix with

82
for (€)= 3xrgxs

&) (21)

at the row r and column s, for every r,s € {1,...,n}.

Theorem 1 Let a compact convex set FF C R™, n > 2, with 0 € R" n its interior, and a point
&€ € OF. Assume that there are 6 > 0 and f : R™ — R of class C? at € + 6B, such that

FcfzeR": f(x) <0}, (& Vf(E) >0,

and such that, for x € £ + 0B, we have x € OF if and only if f (x) = 0. Then we have
1
(&, V.f () v

Proof. By hypothesis (£, Vf (£)) > 0, so let us fix the first i € I such that f, (§) # 0 (see
Remark 1). For any 7 € R™, let ° € R"~! the vector i without the ith coordinate. Thanks to
the Implicit Function Theorem there are a neighbourhood U := ¢! + 5B c R" !, 0 < §; < 6,
and a C? function g : U — R such that:

(i) f (ni,g (771)) =0, for any 0’ € U,

(ii) for n° € U such that f (1) = 0 we have n; = g (ni), and

ir (&4 (€)) = ar (V2@ (&) .4 (&), jel\{i}. (22)

(iii) for any n* € U we have

iy _ e (g (n)
95 (1) = =G g ()

where (ni, g (17’)) € R" represents the vector n with ¢ (77%) instead of 7);.

(7 € I\{i}),

Let j € I\ {i}. By (11) for each £ > 0 there is 0 < § = § (¢) < min {¢’, 61 }such that

1 1

H(W,Vf(??))vf (n) — me (g)H <e (23)

holds for any 7 € &£ + 6B (by the continuity of V f (-) at &),

(V2 f (Qv,v) (VS (E)v,v)

(n, Vf () (&, V()

< (24)

c
27

11



for any 1, € £+ 0B and any v € R", ||v|| = 1 (by the continuity of V2f (-) at &), and such that

> y—-n y-n\ /oo W (§) W (§)
’<V FO 1= Hy—nll> <V T O T @ Tw <5>||>‘ <&vi@e  (25)

holds for any 1,y € £ +6B,y € P (n, u? (n)), y #n, with f (y) = f (n) = 0 (using the continuity
of Vg (-) and V£ (-) at & and &, respectively, and using the Lagrange Mean Value Theorem).

Let us prove the inequality ” > ” in (22), assuming that 4p (5, u’ (5)) < +00, because in the
other case there is nothing to prove. Let us fix € > 0, the corresponding § > 0, 0 < r < g and
ne (5 + gB) N AF. We want to prove that

~

Cr(r,n,ul 1 . )
s e T O OO
Remember that n* = me (n). By Remark 2 thereisy € 0FNP (77, u’ (n)) with ||n —y|| =
r, such that ’ R A 5
Q:F (7“77% u’ (77)) > <77 - Z/>77*> - ZTQ' (26)

Notice that ||n — y|| = r > 0 implies y # 1. Putting
. y=n
V= ,
ly = nll
then n + rv = y. Thanks to the Taylor’s formula (see, e.g., [4, p.75])

(27)

F o) = F (n)+ (ro, VF ) + /0 (V2 (0 + o) o) (r— ) dr,

and by the definition of v

f(y)Zf(n)+<y—n,Vf(n)>+/(:<V2f(n+rv)v,v>(T—T)dT-

Hence, by using the Mean Value Theorem for integrals and remembering that f (n) = f (y) = 0,
we obtain

(n—y.Vi(m) = /OT<V2f(n+Tv)v,v>(T—T)dT

2
— %<V2f (77—}—7'1))7),v>7 (28)
for some 7 = 7 (r,v) € ]0,7]. Let us fix such 7. By (26), (13) and (28), respectively, we have
~ , o €
Cp (rmw () > (m—yn") = 3
1

S A _ &2

7“2

— 2 TU)UV, U —ETQ.
TaNry Y T =g 29

12



Since

In+ 70— g = Hn+ sH In—¢ll+7 <3, (30)

ly —
by (24) we obtain

<V2f (77+Tv)v,v> B <V2f (&) v,v> €
(n,Vf(n) (& VI(E) 2’
and using (25) and (29) we conclude
e (r Z;“J ) R TIO vlf (V2f (n+7v)v,0) = 2
1 €
> sy O
1 2 w (€) w (€) >_
> v\ O Toen)
Passing to the limit as ¢ — 0™ we obtain the desired inequality:
i (€09 (6) (VO (©).0 (6)).

(& V1) [lw @

In order to show the opposite inequality let us assume that 4p (£, u’ (§)) > 0 (the case
Ap (& u! (€)) = 0 is trivial). Let us fix e > 0 and 0 < § = () < min{d, 8} such that (23),
(24), (25) and

~

Cr (7“, Z,Quj (77)) > Ap ({,uj (’5)) - (31)

holds for every 0 < r < § and n € OF with ||n — £|| < 6. Let us fix 0 < r < g, n e (45—1- gB)ﬂﬁF
and respective n*. We have

Cr(rnw () = inf{(n—y,n*):y€dFNP (), ln—yl=r}
= ey 0TI W) sy € NP (1 (). vl = 1}

(32)

Now let us fix y € F N P (n,v’ (n)) with ||p — y|| = r and define v as in (27). Proceeding as
above we obtain (28) for some 7 = 7 (r,n) € ]0,r[. Let us fix this 7. Using (28), (30), (24) and
(25), respectively, we obtain

ST = S—— L TV) U,V
2N F () (n—y,Vfn) ORI (V2f (n+7v)v,0)
1 3
< v Oty

0 e WO W@ :

< 2Evi©) <Vf(5) Huf()H TICASRE

! 3e

~ 206 V) i ( 2< VIO (O, () + T

13



Consequently (see (32))

~

Cr (r,m, 4/ (n)) < 1 !
. 2EVFE) [w (©)]

S (VEF©u (€),u (©) +

and by (31)

1 1
(& V() [lui (&)

Passing to the limit as ¢ — 0" we obtain the inequality ” <” in (22). =

r (6 () < (V2f (&) (&), (€)) + 2.

Remembering the Definition 3 we conclude that the 2-dimensional curvature of F' at £ € OF
in the direction of u/ (£), j € I\ {4}, is given by

1
IV £ @I (©)l
Note that, for a fixed j € I\ {i} and A € R\ {0} we have

sep (E 07 (§)) = 5 (V2 () (€),47 (€)). (33)

1
IVF I (

as it would be expected. Moreover, following the proof of Theorem 1 it is possible to prove that

sep (6,007 (€)) = E (VZF (O (&) 4 (€)), (34)

Corollary 2 We have

P U = L 2 U U
7 (& u(§)) SRGINGE (V2F(©)u(8),u(8)),

for any u (§) € Tr (§)\{0}.

Notice that, by (34), for n = 2, to say that g (§,u (§)) > 0 for some u (§) € Tr (£) \ {0}, is
the same as saying that g (&, (—fz, (§), foy (€))) > 0. Therefore, by Proposition 6, if there is
A € R\ {0} such that g (§, X (—fz, (§), fz, (£))) > 0, we will have

#p (& u(§) =2r(§), Vu() € Tr()\{0}.

Since f is of class C? in £ + 6B, all the conclusions will remain valid if we replace £ with any
nedFN((+0B).

Following the idea of G. Crasta and A. Malusa presented in [7, pg.5749], we have the following
result.

14



Theorem 3 Let £ € OF and sep (§,w (€)) < -+ < 3ep (§, 0/ (§)) be the curvatures of F at
¢ in the direction of the n — 1 vectors that generate Tp (€). If

IV2F©lf = sup - (V2 () w0)] < oo, (35)

;
[[ull=[lv]=1

then ' '
sep (€071 (€)) = irébri s(u)  and  ep (€00 (6)) = %y(w :

where 3 (u) 1= m <V2f &) u,u> and Ug :={v € Tp (§) : ||v]| = 1}.

Proof. Assuming (35) it is easy to show that the application u +— 3 (u) is continuous in
S :={z € R" : ||z|| = 1}, and in particular in Ue. Hence it admits a maximum and a minimum
on Ug. Let @ € Ug be a maximum point. Then, by (33),

#(u) = max s (u) > <M> = s (€ ufn=1 ().
uel w9l ’

On the other hand, since ©w € Tp (), then ip (§,u) < p (f,uj"—1 (5)), and consequently

5 (W) = sep (€, 0/ (€)) . Reasoning as above, if 7 is a minimum on Ug, we deduce that 3 (v) =

sp (&0t (6)). m

5 Directional curvature radius

As in [5, p.14] (see also [14, 2]) we also relate the directional curvature to the radius of some
ball.

Definition 4 The 2-dimensional curvature radius of F' at £ € OF (w.r.t. £*) in the direction
of u? (€), j € I\{i}, is given by

1

R (6,0 (€)) = S (6,00 (6))

(36)

Roughly speaking, the directional curvature sp (§ Jul (€ )) shows how rotund the boundary
OF is in a neighbourhood of ¢ (watching from the end of the vector u’ (§)) when we "cut” F
with the plane P (§ ,ul (5)) As follows from Proposition 3 it does not depend on the position of
the origin in intF" and can be defined also when 0 ¢ intF. By using (36) we give the following
geometric characterization of the directional curvature radius.

Proposition 7 Fized j € I\ {i}, we have

] = limsup inf{r>0:FNP(nu (n)N(n+eB)Cn—ry*+r|n*|B}.

(e:m)—(01.¢)
neoF
(37)

15



Proof. Let us prove first the inequality ” < ” in (37) assuming without loss of generality
that the right-hand side (further denoted by R) is finite. Taking an arbitrary p > R, by the
definition of lim sup, we can afirm that for each € > 0 small enough and for each n € OF from a
neighbourhood of &, the relation

inf {r >0: FNP(nw (n)N(n+eB) Cn—ry*+r|n*|B} <p
holds. In particular,
FNP(nw ()N (n+eB) Cn—py*+pln*| B,

which implies
2 2
16 =+ pr™ 17 < o "7,
whenever ¢ € F N P (n,w (n)) with ||{ — || =&, or, in another form,

2

€
— N <
(C=m) < =5 (38)
If we FNP(nu (n)) is an arbitrary point with [|w — n|| > € then setting ¢ := Aw + (1 — )7
in FN P (n,u (n)), where X := m <1, we have

I[C=nll =AM+ A =Nn—nl=A|w-n|=¢

and
(n—=Cn") =Ax(n—w,n").

By (38) we obtain
2

<=0 =An—w,n") <(n—wn),

l\’)‘ﬁ)
s

SO
2

;—pginf{<n—w,n*>:weFﬂP(n,uj(n)),Hw—nH >e}.

Hence, passing to liminf as € — 07,7 — £ and p — R™ we conclude the first part of the proof.

In order to show the opposite inequality let us assume that R > 0 (the case R = 0 is trivial).
If 0 < p < R then, by the definition of limsup there are ¢ > 0 arbitrarily small and n € 0F
arbitrarily closed to &, such that

inf{r>O:FﬂP(77,uj(77))0(77+6§) Cn—rn*+r|n*| B} > p.

Then the set F N P (n,u/ (n)) N (n+ €B) is not contained in n — pn* + p|[n*|| B, or, in other
words, there is ¢ € F N P (n,u (n)) with ||¢ — n|| < & such that

IC=n+pn"ll > plin*[l

Consequently, setting, r := || — n|| < e we have
* 2 _ 2
2p(n—=C") < I =nl" ="

16



So

~

Cp (romu! () = f{(n—w,n*):weFnP(nu (n),|w-n|=>r}
2

,
< — * —
< (n C7n><2p

Passing to liminf as 7 — 07, n — £ and then to lim as p —+ R~ we conclude the proof. m

6 Relation with the usual curvature formula for implicit space
curves

In this section we see that it’s possible to compute directional curvatures using the usual cur-
vature formula for implicit space curves (that is, curves in R™ given by the intersection of n — 1
implicit equations). In fact, fixed £ € OF, i € I (given by (14)) and j € I\ {i} and considering
the cases n = 2 and n > 3 separately, we prove that the formula in (33) coincides with the
formula obtained by R. Goldman in [8] for the curve 0F N P (&, w (€)).

For n = 2, near a fixed £ € OF the curve OF NP (§,u (£)), for any u(§) € Tr (§) \ {0} (where
Tr (&) ={N(—fa, (€), fu, (£)) : X € R} - see before Proposition 6), is given by f () = 0. There-
fore, by (34), we have

o U = 1 2 U U
P (& u(€)) TGN (V2F (&) u(€),u(d)

1 (&) Jaawa (6) = 2fuy (6) fan (&) faraa () + 2, (€) farar (€)
(f2, O+ f2,(9)®

_ fxll‘l (5) fx1$2 (5) _fm (f)
[ @ (@] frn &) Jom @ | (O] k

= 3 = kg (€),
(f2(O) + f2,(9)?

where kg (§) is the curvature given by R. Goldman in [8, (3.4)]. So, when n = 2, we have
xp (&,u (&) = kg (§), and this means that we can obtain the directional curvature sp (&, u (§))
calculating k¢ (€) for the respective curve (given implicitly).

When n > 3 note that, fixed £ € OF, i € I and j € I\ {i}, the curve OF N P (£,uj (5)), near
&, is given by the intersection of the n — 1 implicit equations:

/ (77) =0, Pki¢ (77) =0, ooy Php_o€ (77) =0, (39)
ki,....kpn—o € I\{i,7} and k1 < ... < kp—2. In fact, if we put

AGIAGEN
FAGENAAG)

Pre (N1 s M) 7= Mk — & + ari (§) (i — &) +an; (§) (0 — &), (1, m0) €RY,

ag (§) =

= Z?.]?

17



and use the definition of generated space, it is easy to show that

P (©)= (] {neR":pe(n) =0}

kel\{i.j}

In order to present the Goldman’s curvature formula for n > 3 we first need to introduce
the generalization to the cross product from 3-dimensions to n-dimensions:

Definition 5 ([11, p.165]) The external product of two vectors in an n-dimensional space,

. . . . —1 .
n > 3, spanned by eq, ..., €, is a vector in a space of dimension % spanned by a new collection

of vectors denoted by {e; N\ e;}, where i < j. Let u = uier + ... + upe, and v = vieg + ... + vpey,

then
u/\v:Zdet [ uz u] } (ei Nej).

v;
i<j L

For the next definition, as well as for the rest of the work, we just need to compute the magnitude
of the external product, which is given by the formula

2
lu Ao = Z (det [ i Uy }) . (40)
i<j Vi Y

Assuming that e;, ¢ = 1, ..., n, is the vector of R™ with one in the ith position and zero everywhere
else, and that e := (eq, ..., e,) is the canonical basis of R", we are in conditions to see the usual
curvature formula for implicit space curves (see [8, (5.4)]):

Definition 6 The curvature formula for a point & on a curve defined by the intersection of n—1
implicit hypersurfaces Fy (x1,...,xpn) =0, ..c, Fy_1 (z1, ooy xy) = 0 is

(T (B B ) (€ # 9 (Tan (B s Foy)) (©) A Tan (s Fo) (€)]
H Tan (F17 --->Fn71) (g)HS

where Tan (Fl, ey anl) (&) is the tangent to the intersection curve at & given by

ka (§)

, (41)

e
F

Tan (Fl, ...,anl) (&) = det v 1(5)

L VFE,—1 (5)

i el e €en

Fiqy (5) T Fig, (g)
= det : : : ’
L Fn—lau (g) T Fn—lxn (E)

\Y (Tan (Fl,...,Fn_l)) (&) is the n X n matriz in where each column is the gradiente of the
respective component of the row matriz Tan (Fl, ---7Fn71)7 with the derivatives calculated at €,
and * represents the product between matrices.
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Next we calculate the Goldman’s curvature for the curve OF N P (f L) (5)), at &, using its

implicit equations (see (39)). We will denote it by k]G (&) to distinguish it from the curvature
of a general (implicit) curve. For that we need to remember the notation in (21).

Theorem 4 We have

kg () = :
IVF @I (2 + 12, ©)

Proof. For k € I\{i,j} and x := (21, ..., z,) € R” fixed, we have

ap 1, ifm==%
(@) = agm (€), ifm=iorm=j (42)
0xTm .

0, otherwise

So the tangent to the intersection curve dF N P (£, u/ (£)) at n € (E+B)NIF NP (&, u (€))
is given by

(&

Vfn)
Tan (f7 Dk1 &5 ...,pkn72§) (77) = det Vplﬂf (77)

L vpkn—zé (77) J

= (_1)1+m det Am§ (77) €m,

m=1

e

V)
where, for each m € I, A,,¢(n) is the matrix obtained from Vprag (1) eliminating the

L vpkn72£ (n) .
first line and the mth column. Remembering that we have (42) for each r € {1,n — 2}, then

( Z f:pkr( )alw(g) fa:j (n), ifi<jandm=1
For 1) = 32023 oy, () i (§), i i < jand m = j
(=)™ det Ape (n) = (=) Sy () = 2202 P foe, M) ag,; (), ifi>jandm=i
S fon, (0) ki (§) = foy (), if i > j and m = j
ij (7) ki (&) = fri (0) Az (€) otherwise.

Let w’ (€) € R™ the vector with (—1)" /™! fz; (§) in the ith coordinate, (=1)" f,. (€) at the
jth coordinate, if ¢ < j, or with symmetrical values if i > j, and 0 elsewhere. It is easy to show
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that

oa o _vier?

2 (PO et An @ e = e g @ ©)
that is
o (9101 ) €)= (1) IO O ) (43)
After some calculations we conclude that l ]
IVf @I

Tant (Pt s Pho2) () * V (Tan (.t Pk )) (€) = 45 GEAGES

where M is a line matrix. Using (40) we obtain

H(Tan (f,pkl, ...,pkn_Q) (&) *xV (Tan (f,pkl, ...,pkn_Q)) (5)) A Tan (f,pkl, ...,pkn_z) (&")H2

_ Vs ©I°
GRS

Which implies
H (Ta’n (fapklv "‘7pkn72> (5) * V (Tan (fapku "'vpk‘n72)) (f)) A Tan (fvpku “'7pkn72) (f)H

5
T O, € 72, (€)= 2820 6) oy ) Fruey () + Frye, (©) £2,0).
(r2©+52©)

5
) (Foves €) 72, ©) = 22 (€) fay ©) foray (€) + fuye, () 72, (6))

5
2

and consequently (see (43))

VIO g0 (€) 2 (6) = 200 () fo, (€) Frumy () + Fua, (€) F2.(6)]

(12.©+2,©)*
(Vf 2| f, ©)] (& )03
2.6 +f2 (€

Fuia () 12, (6) = 22, (6) fuy () Fora, (€) + fare, (€) £2.(6)]
IV£ @I (£ 0+ 72, (©) |

KL (€)=

Remembering (33), and that sp (f, ul (5)) > 0 because €5 (r, n,u (5)) > 0 for every 7 > 0
and every n € F close enough to &, it is easy to show the next result.

20



Corollary 5 We have
Fuiwi (€) 13, (&) = 20, (&) fu; (&) faiay () + fuya; (€) f2, (€)
IvF @I (12 ©+ 72, ©)

ep (E07 (§)) =

= k5 ().

So, we have the equality sp (§ Jul (€ )) = k:]G (€), for every n € N. Therefore, when we want
to calculate directional curvatures of a convex body in R™ at a point £ on its boundary, both
checking our conditions, we can calculate k¢ (§) for the respective curve (given implicitly). But,
as we can see following the proof of Theorem 4, it is faster to use (33) than to use (41), mainly
for n > 3.

7 Examples

1. Consider the compact convex set F' C R?, with (0,0) in its interior,
F= {($1,$2) eR?: |xa| < 1—zaf, -1<x < 1}.
Close to £ = (£1,&2) € OF with & > 0 (the case & < 0 is analogous) we have f (z1,x9) :=
To— 1+ x%,
v =g, o= 0]

and
Tr (€) = span { (1, —4€7) } -
Consequently, for any u (§) € Tr (£)\{(0,0)},
1267 12¢67

p (6 u(8)) = = 5
: ()P +1 ()P +1) (6 1)’

Recalling Proposition 6, we can see that Theorem 1 allows us to obtain the following
equality
1267

(165?4—1)%’

whereas in [9, Example 8.3] we had obtained only the inequalities

e =

12¢7

V1I416€8 32 (&)

2
where X (&) := \/1 + (kio‘&‘k) .

Note that at £ = (0,£1) we have s (§,u(£)) = 0, as would be expected. Here we can’t
calculate the curvature at ¢ = (£1,0) because there isn’t a C? function f checking our
conditions, but in [9, Example 8.3] there is an estimate for the curvature at such points.

1267

V141665

<2 (§) <
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2. Let F' a sphere in R"
n
{az = (1, .00y Tp) ¢ Z:pf < R2} .
t=1
Consider f (z) =Y 1, x7 — R? for x near a fixed £ € F. We have

Vi) =26 VAf(E) =21,

where I, is the identity matrix of the order n. Fix the first ¢ € I := {1,...,n} such that
fa, (€) = 2& # 0, then Tp (€) is spanned by n — 1 vectors u/ (€) € R™, j € I\ {i}, with 1
in the jth coordinate, —% in the ith coordinate and 0 in the others. Therefore

((¢)+1) |

F (&Uj )

T el ©FF R

which means that the curvature at any point on the boundary of the sphere, in the direction
of any vector of its hyperplane tangent, is equal to %.

3. Consider a cylinder
Fop={(v1,20,73) € R® : 27 + 23 < a®, |22| <b}, a,beRT.

Near £ = (§1,62,&3) € OF,p, with f% +§§ =a?, |€2| < b, put f (z1,z2,23) := x% +$§ —a2.
We have

2 00
Vi€ =2(6,0.6), VfE=]0 00/,
0 0 2
and, fixed the first 7 € {1,3} such that f;, (§) # 0, we have
TFa,b (f) = {(1)1,1)2,1)3) U = —?Uj, j S {1,3}\{i}, V9 € R} .
Then
0, if j =2

V2 wl (&), = .
(V2f (&) (&), (€)) (%)2”, if j € {1,3}\ {i}

and consequently
0, ifj=2
o i e{L3I\{i}

If we consider u (§) = au? (€) + Bu? (€), for any a, B € R we will obtain

#F,, (f»uj (€)) = {

. 32 1
sr,, (§u(f)) = (GQBQ_:L&%OP) € ]Qa[-
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Now fix £ = (£1,&2,&3) € OF,p with £§4£3 < a? and & = b (the case & = —b is analogous).
Near ¢ we have f (x1,x2,x3) := x9 — b,

V() =(0,1,0), Tg,,(§) =span{(1,0,0),(0,0,1)}
and V2 £ (€) is the zero matrix of the order n. So

#r,, (§u(§) =0, Vu(§) € Tg,, (§)\{(0,0,0)}.
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