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‘ Outline

= Population growth in a random environment can be modeled using

stochastic differential equations (SDE).

= Instead of considering specific models, we will study a general model in
what concerns extinction and existence and existence of stationary
densities. That model is a generalization of previously studied specific

models.
= Which stochastic calculus is more appropriate: 1td or Stratonovich?
= Extension to general harvesting models
= Further generalization to density-dependent noise intensities.
= Time to extinction

s Application (including estimation and prediction)
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Deterministic model

N(t) Population size attimet>0

N(lt) d'::t(t) =9(N(v) N(0)=Ng >0 isknown

g(N) (per capita) growth rate (when population size is N)

G(N)=g(N) N total growth rate

Examples

Malthusian g(N) =r

Logistic g(N) =r (1-N/K)

Gompertz g(N) =rIn (K/N)
Mathematical Models in Life Sciences & Engineering 2007 :‘M@e
Universidad Politécnica de Valencia, September 19-21 Ky



Randomly fluctuating environment

Effect of environmental random fluctuations on the growth rate
What has appeared in the literature
» Additive noise Add noise to the growth rate of a specific model

Example: logistic model

1 dN(t):r(l_Ej+o'8(t)
N(t) dt K

g(t) standard white noise
» Add noise to a parameter of a specific model

Example: Add noise to the r in the logistic model

1 dN(t) _ (I’ n Gg(t))(l— Ej — r(]__ gj + 0(1— E)E(t)

N(t) dt
Sometimes unrealistic model
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Randomly fluctuating environment

Several specific models (specific functions g(N)) have been proposed in
the literature starting with Levins (1969) and, for the case of harvesting,
with Beddington and May (1977).

Question: Are the properties obtained model specific or real properties of
the population?
Our work:

» See if you can obtain properties for general models (arbitrary functions
g(N) satisfying only biologically determined assumptions and some mild
technical assumptions). We seek properties on extinction or non-extinction
and on existence of stationary densities.

» We consider realistic noise intensities
First: additive noise (constant noise intensities)

Later: density-dependent noise intensities that are positive for positive
population sizes

RS/,
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Geﬂefal SDE mOdel with constant noise intensity

N(lt) dlzt(t) — g(N(t)) + oe(t) N(0)=Ngy >0 isknown

dN(t) = G(N(t)) dt +V (N(t)) dW (t)

W (t) = [(s)ds standard Wiener process
ag(N) “average” growth rate
G(N)=g(N)N total “average” growth rate

o >0 noise intensity (constant)
V(N)=oN total noise intensity

Assumptions on g(:): (0,4) > (—o0,+0)
 continuously differentiable strictly decreasing
« the limit g(0™) :=limy o g(N) =0 (may be infinite)

e g(+)<0
«G(0Y) =0
._\'-,R.‘:‘io
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‘ Stochastic integration

dN(t) = G(N(t)) dt +V (N(t)) dW (1) N(0)=Ny >0 isknown
N(t) = Ng + [§G(N(s))ds + [V (N(s))dW (s)

Decompositions with diameter converging to O
O=ton <tp < <thgp <typ =t (n=12,--)
Intermediate points
Tin €[tican  tinl

The Riemann-Stieltjes sums

n

2 V(NGzi)) W () =W (5 1)

|=

have m.s. limits that depend on the choice of the intermediate points.

VGRS
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‘ Stochastic integration

Ito integral (non-anticipative choice 7, =t; ; )

I V(N(S) W (s) = Lim. 3 V(N(ti_1n)) W (G n) -W (G 1))

N—>400 =1
Nice probabilistic properties. Does not follow ordinary calculus rules.
1t chain rule for Y(t) = h(t,N(t)) with h(t,x) of class C12

2
qy :(ah(t’N)+ah(t’N)G(N) 10 h(tN)VZ(N))dt ah(t'N)V(N)dW(t)
ot OX ox 2 OX

Stratonovich integral

(S)f5 V(N(s)) dW (s) = Li.m. >

N—>40 =]

(V(N(h _1n)) +V(N(t )
2

] (W (ti n) -W (ti_1n))

We will use Stratonovich calculus.

.\._Il‘\.‘:‘,fo
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‘ Geﬁel‘ al gr OWth mOdel with constant noise intensity

©) =)+ osON

The solution exists and is unique up to an explosion time

The solution is a homogeneous diffusion process with

Diffusion coefficient
b(x) =V 2(X) = o°x?

Drift coefficient
. 1 db(x) 2
a(X) -:g(X)X+Zd—X:(g(X)+G /2))(

Note: With Itd calculus  a(x):=g(Xx)Xx

RS
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‘ G@ﬁ@l‘ al gr OWth mOdﬁil with constant noise intensity

S) S =@+ oxON

Scale density

s(N):= exp( j>'>'o 2&(;;) 6’) \\//((T\IO)) exp( ZJD'OV (fg)deJ (Yo > O arbitrary)

Scale function  S(N) =} s(z)dz (xo > Oarbitrary)

Speed density (

m(N) = L _ 2N (g)dQJ
S(N)b(N) V(yo)V(N) Yoy 2 ()

Speed function M(N) = jx'\'o m(z)dz (xq > Oarbitrary)
O<a<Ny<b<+o

S(x)—-S(a)
S(bh)=S(a)

N7 N RS/,
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‘ G€Il€f al gl‘ OWth mo d€1 with constant noise intensity

S) S =@+ oxON

Boundary N=0 is non-attractive
if there is a right-neighborhood R=]0,y[ of zero such that, for any O<x<neR,

PITy+ <TaN(0)=x|=0
T, - first passage time by z Tge =lim, 14T,
Necessary and sufficient condition S(0") = —o
This implies (Karlin and Taylor 1981) non-extinction a.s.

Similarly, for non-attractiveness of the boundary N =+

With our assumptions we prove that:

The boundary N = +« IS non-attractive (which implies non-explosion, i.e.,
existence and uniqueness of the solution for all times).

The boundary N =0 s attractive if g(0*) < 0 and non-attractive if g(0*) > 0.

.\._Il‘\.‘:‘,fo
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‘ G@ﬁ@l‘ al gr OWth mOdel with constant noise intensity

S) S =@+ oxON

When both boundaries are non-attractive and
M (0,+0) = [§°°m(z)dz < +ox,
the process is ergodic and there is a stationary density given by
m(x)
M (0,+o0)

With our assumptions, we prove that happens when g(0*)>0.

pP(X) = (0 < X < +x).

CONCLUSIONS:
=  When g(0*) < 0, extinction occurs a.s.

= When g(0*) > 0, there is a zero probability of extinction and there is a
stationary density

(the mode of which approximately coincides with the deterministic
equilibrium when the noise intensity is small).
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‘ G@ﬁel‘ al gr OWth mOdéil with constant noise intensity

What happens if we use It6 calculus?

dN

() = (9(N) + oe(t)N

CONCLUSIONS:
=  When g(0*) < ¢?/2, extinction occurs a.s.

=  When g(0%) > 62/2, there is a zero probability of extinction and there is a
stationary density

So, we can have extinction even when the “average” growth rate at low
densities is positive.

Which calculus is right?

Recipes

RS
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'Resolution of the controversy

for constant noise intensity dN

R (g(N) + oe(t))N

Deterministic model (o=0)

(per capita) growth rate R(x) when population size is x at time t

R(X) :=3(d—'\'j _ L i NEFAD =X _ g
X\ dt Jyoxy X AtdO At

Stochastic models
dN dN

() E=(gi(N>+ae(t>)N (S) E=(93<N)+ae(t>)l\l

Arithmetic average growth rate R, (X) when population size is x at time t

E: [N(t + At)] - _ 16
R, (X) 1 iy BEex[N(t+AD]-x 1a(X): g,(>;) o
gs(X)+0o“/2 Stratonovich

X At40 At %

VGRS
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'Resolution of the controversy

for constant noise intensity

Geometric average growth rate R, (x) when population size is x at time t

R (X) — 1 lim exp(Et,X[InN(t + At)])_ X _ of (X) — (72 /2 I1tO
o Js(X) Stratonovich

X At40 At

CONCLUSION (Braumann 2007a)

g(x) means two different “average” growth rates under the two calculi.

It is the arithmetic average growth rate when we use It calculus.
It is the geometric average growth rate when we use Stratonovich calculus.

Taking into account the difference between the two averages, the two calculi
completely coincide.

In both, we have extinction or stationary density according to whether the
geometric average growth rate at low densities R (0*) is negative or positive.

RS

Mathematical Models in Life Sciences & Engineering 2007

LA
G /.
I
: 7
5 A
% S
= 1 L\\

Universidad Politécnica de Valencia, September 19-21 -



HZII’V CStlIlg mo dGlS with constant noise intensity

1 dN
S) ——=9g(N)+oe(t)-h(N
(S) N dt g(N) + o&(t) - h(N)
h(N) harvesting effort (when population size is N)

H(N)= h(N)N yield (total harvesting rate)
g(N)=g(N)-h(N) net growth rate

Assumptions on h(:):(0,+) > [0,+0)

 continuously differentiable non-negative

« the limit q(07) :=limy, q(N) existsand is= 0 (may be infinite) can be weakened

*H(O0*) =0

CONCLUSIONS (Braumann 1999Db)

When g(0*) < 0, extinction occurs a.s.

When q(0*) > 0, there is O probability of extinction and there is a stationary density
(the mode of which approximately coincides with the deterministic
equilibrium when the noise intensity is small).

It6 and Stratonovich: Braumann (2007c).

Optimal harvesting (Lungu e Oksendal 1997, Alvarez e Shepp 1997, Alvarez 2000)
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G@ﬂ@f al gr OWth mOd€1 with density-dependent noise intensity

o(N)

Assumptions on o (-): (0,4+) > (0,+0):
» strictly positive twice continuously differentiable
« V(0")=0, where V(N)=c (N)N

(A) j ———dN =+ for some x,>0;
(N)N

®) j;lr(;’o G(N N

(C) |o(N)/g(N)| is bounded in a right neighborhood of 0.

dN = +o0 for some y,>0.

(D) |o(N)/g(N)| is bounded in a neighborhood of +co.
If noise intensity is bounded, it satisfies (A), (B), (C) and (D).
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Geﬂéral grOWth mOd€1 with density-dependent noise intensity
i (X 1t0
R0 =2a0={ o S

gs(X) + GZ(X)/ 2+ Xo(X)o'(X) Stratonovich

¢ - average
PH(X) = jg 20(2) dz (c fixed arbitrary constant)
¢ H(Erx [BN(E +AL))])- |
R —= I|m ’ =(gs(x) for Stratonovich
p (%)= X Atl0 At 9(%)

CONCLUSION (Braumann 2007b)

g(x) means two different “average” growth rates under the two calculi.

It is the arithmetic average growth rate when we use It0 calculus.

It is the g—average growth rate when we use Stratonovich calculus
(coincides with the geometric average when N approaches 0).

Taking into account the difference between the two averages, the two
calculi completely coincide.
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G€ﬂ€t al gr OWth mOd€1 with density-dependent noise intensity

=gs(x) for Stratonovich

-1
Proof of R¢(x) — %ES‘O ¢ (Et,x[¢(NA(: + A'[))])— X

Under Stratonovich calculus, Y=¢(N) satisfies the SDE

s) dy =9@ g aw ey

o (¢ (Y))
-1
In terms of Y, the drift coefficient is, with y=¢(x), "T Alt E L [Y(t+At)-y]= 95((¢ 1((y))))
1 AtV 0 ’ o ¢_ y
Therefore E,[Y (t+At)]=y + 98(¢_1 ) At 4 o(A).
o(¢7(y)) .
Apply ¢ to both sides, expand about y and notice that dg —(y) = L = Xo(X)
dy dg(x)/dx

to obtain ¢ (E¢x[Y (t + At])= X + xgs (X) + 0(At), from which the result follows
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G@ﬂ@f al gr OWth mOd€1 with density-dependent noise intensity
o(N)

With the assumptions made, the same conclusions hold:

* When the geometric average growth rate at low densities is negative,
extinction occurs a.s.

* When the geometric average growth rate at low densities is positive, there is
a zero probability of extinction and there is a stationary density

For harvesting models see Braumann 2001

Mathematical Models in Life Sciences & Engineering 2007 :‘Q

Universidad Politécnica de Valencia, September 19-21 S



‘ Time to extinction

(S) N(lt) d'zt(t) —gIN®)+oet)  N(©)=Ng=x>0 isknown

with the assumptions made on g and g(0+)>0.

There is no “mathematical”’ extinction and there is a stationary density.
What about a population of 0.4 individuals? What about Allee effects?
Set extinction threshold a>0. We assume a<N,,.

Note: To study pest outbreaks, we could also consider a>N,

“Realistic” extinction occurs if ever N(t) reaches the threshold

Since the process is ergodic it will do it (sooner or later) with probability
one.

So, “realistic” extinction occurs a.s.

How long does it take? (Braumann 1985, Carlos and Braumann 2005,2006)

RSy
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‘ Time to extinction

N

[45]

[

=

©

E I

=y

o N(t)

Ng=x

a w’“’“ﬂ

0 Ta Time t

To the first passage time

T, = inf{t >0: N(t) = a} we call extinction time

VeRS/
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‘ Time to extinction
a(x) = (g(x) +o° /2)>< b(x) = (ox ¥

O<a<Njy<b<+o
Tap =mMin{T,, Ty}

u(x) = P[T, <T,Ng = x]= S(x)-S(a)

S(b)—-S(a)
Vi (x) = E[(T;5)¥No =x| k- th order moment
2Vk (X)

—b( )

1 d (dVe(x) )
2 dM(x)( ds(x) j+ KVica(x)=0

V(@) =Vy(b)=0 (k=12..)  Vy(x)=1
Vi (x) = 2u(X)2(S(b) - S(&)KV, 4 (E)M(£)dé
+2(L - U(X)X(S() - S(@)KV, 4 (E)M(E)dE

+kV,_4(x)=0

Mathematical Models in Life Sciences & Engineering 2007
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‘ Time to extinction

We can also obtain an ODE for the Laplace transform
U, (x) = E[exp(~=AT)Ng = x]

1 d (dul(x)
2 dM(x)\ dS(x)

U,(@)=U,(b)=0

]—zui(x)=o

Solving the equation and inverting the Laplace transform, one obtains the
p.d.f. of T,
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‘ Time to extinction

Since the process is ergodic, if we let b T +o0 , we obtain as limit of V,(X)

V(%) = E[(T, )No = ]

So, we obtain (after some indeterminations are removed)

V(%) = 2 (S(X) — S(@)KVy_y(£)m(£)dE
+ 2[(S(&) - S(Q)KV,_o(£)M(£)dE
= 21577 KV, 1 (O)M(O)d O e

Mathematical Models in Life Sciences & Engineering 2007
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‘ Application

Gompertz model with additive noise

(S) 1 dN(t)ernEJrag(t) with r >0,K >0,0>0,N, >0
N(t) dt N
K
g(N)=r InN o(N)=o
satisfy all the assumptions and g(0™) = +o0 > 0
2
a(x) = [r InK+0)x b(x) = (ox )
X 2
choosing y, =K
2 2
K r X 1 r X
S(X)=—exp| - —| In— m(Xx) = exp| —| In—
(%) X DL 0'2( ij () o 2KX p(az( Kj)
Mathematical Models in Life Sciences & Engineering 2007 f\amqf;
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‘ Application

Extinction has 0 probability of occurring and there is a stationary density
proportional to m(n) with support n>0, the mode of which is Kexp(c?/(2r)).

Change of variable
y = In (n/K)

Y(t) = In ( N(t) /K ) has stationary density proportional to m(n) dn/dy, which one
iImmediately sees to be Gaussian with mean 0 and variance c2/(2r).

We can obtain the transient p.d.f. of Y(t)
Y(t) satisfies the SDE

(S) dY =-rYdt +cdW (t)
(S) e™dY +re"vYdt = ce"dW (t)
Y (t)e" =Y, +(S)oe™dW (s) with Y, =In(Ny/K)

Mathematical Models in Life Sciences & Engineering 2007 -3“@%
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‘ Application

Y(t)=Ye " +oe " [ e dw (s)

2
. _ _ o) -
Gaussian [Yoe T o%e " [le*Sds = —(1— e " )J

2r
2
aGaussian(O,GJ as t — +oo.
2r
V1(x) = E[TaNg = x] = fva o(V2 1) e dt
V2(x) = E[T. P Np = X ] VT (1 es” (121 (1- ((v/2 7)) e?’ dze " dltdis
with oz—ilnE and 7/_£I X
o K o K
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Grafico de r E[T,] como fungao de Ny/a. Aqui R=r/c? e d=a/K.
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Grafico de r DP[T,] como fung&o de Ny/a. Aqui R=r /c? e d=al/K.
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' Case of logistic model

If we use instead the logistic model with additive noise

1 dN(t) _
N(t) dt

g(N) = r(l—g) o(N)=o

(S)

(1_%j+gg(t) with r >0,K >0,0>0,N; >0

satisfy all the assumptionsand g(0")=r >0

a(x) = r(l—ijﬁ’—z x  b(x)=(oxY
_ |+ _

choosing y, =K

K 2r 1 2r X X
S(X) = ;exp(— ?(InR +1- RD m(Xx) = T exp(o_ (InR +1- RD

VGRS
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Case of logistic model

Vi(x) = E[T,N, = X]— >l F( ! yj y 2o et

Vo (X) = E[(Ta)z‘No = X]

:iJ’?"S—Zt/O' —l S +OOJ- F(Zrz,yj y—2r/02—1eYdy tZF/GZe—tdtdS
o)

4 Ja
(o2

with a_z—ra and y'=—— 21 X

o’K o’K
._\'-,'rl.‘:‘fo
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Grafico de r E[T,] como fungao de Ny/a. Aqui R=r/c? e d=a/K.
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Grafico de r DP[T,] como fung&o de Ny/a. Aqui R=r /c? e d=al/K.
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Application of Gompertz additive noise model
to Gause’s 1934 data on Paramecia candatum

80
- - Gomperiz

—s— Observed

60

Approximate 95% confidence intervals
r 0.49+0.15 per day

40

20 K 58.2+ 23.2individuals per cm®

P. Caudatum per cm3

o 0.137 +0.096 per day (in figure set to 0)

0 2 4 6 8 10 12 14 16
day




Estimation for Gompertz additive noise model

Assume we have observations in a single trajectory at times

t,=0<t, <t,<..<t
Nog, Niw N, ooy N com NG=N() Yo, Y, Yy, o Y com Y, =Y (G )=In(N, /K)
Ne=Ny, n;, n,, ..., N, concrete observations Yy, Y;, Y5, ..., Y, comy,=In(n,/K)
Py = Py 9%
pii_l(n\n *) transition p.d.f.of N; giventhatN; ; =n*
p.._l()’\y *) transition p.d.f.of Y, given thatV; , =

i n*
with In— and =|n—
y= K y* K

'.\".R-'f:"o
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Estimation for Gompertz additive noise
model

From the Markov property, we obtain the log-likelihood function
-
e

k k
L(r,K,ony,...,ny ) = _;1 P (Mini_y) = _glpiYi—l(yi ‘yi—l)T

From Y(t)=Y,e " +oe " [jedW(s) one obtains

Y =Ye " +oe i edW (s) with A =t —t;

and so
_rA.
Y 1 (y -y*e " )2
pii_l(Y‘y*) = > EXP| ———
. O _ .
277 [1-e?™) 29 [1-e2™)
2r 2r
from which one obtains
Mathematical Models in Life Sciences & Engineering 2007 :‘M@e
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Estimation for Gompertz additive noise model

L(r,K,olny,...,n) :g(lmz—lnr +2Ino - 2InK)

2
(Inni —_e i n n"lj
K K

—2rA;

Kk .
-2 In&+lln(1—e_2rAi )+ r2
i-] K 2 o 1-e

Maximizing we obtain the ML estimators

(8,,0,,0,) = (F,.K,6) of (6,6,,0;)=(r,K,o).

(0,,0,,05) = (f K,&) isasympt.Gaussian with mean (6,,6,,6;) = (r,K,o)

2
and variance {— ELZ 8L0 ﬂ allowing computation of approx.conf.intervals
iOUj | |i

For small sample sizes, bootstrap methods are advisable.
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Prediction for Gompertz additive noise model

For prediction of population size at a future time t > t, it is better to work
with the Gaussian random variable Y(t).

A good predictor is
Y (1) = EN (O, Y, ] = E[Y (0, ] = Ve )
with ¥, =In"k
K

from which

N(t) = K exp(Y (t)).
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Conclusions

*\We have studied general models of population growth in random environments
S0 that properties obtained are not model specific. We have first considered
constant noise intensity and then allowed density-dependent noise intensity.

*For the general model considered, we have shown that “mathematical”
extinction occurs if the geometric average growth rate at low population
densities is negative. If it is positive, “mathematical” extinction does not occur
and there is a stationary density.

«’"Realistic” extinction (population dropping to a positive low extinction threshold)
allways occurs and one can obtain explicit expressions for the moments of the
extinction time (the extinction time pd.f. can also be obtained numerically). We
have applied to the Gompertz model with additive noise and obtain graphs of
the mean and standard deviation of the extinction time. The same ideas can
apply to high threshold crossing times (study of pest outbreaks).

*For the same specific model we have illustrated using real data the issues of
parameter estimation and prediction.

.\._ﬁ‘\\‘;o
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Conclusions

*\We have also resolved the controversy on whether to use It or Stratonovich
calculus, which was a major obstacle to the use of these models.

Indeed, we have shown that it was due to the implicit wrong assumption that the
deterministic term of the SDE meant the same average growth rate under the
two calculi. We have shown that it means two different averages and that,
taking into account the difference between them, the two calculi give completely
coincidental results.

*\We have also considered the case of harvesting models.
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